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Backward Filtering Forward Guiding (BFFG) is a bidirectional algorithm used for
Bayesian inference on partially observed systems, first proposed in Mider et al. [2021]
and further studied in Van der Meulen and Schauer [2022]. In category theory, optics
have been proposed for modelling systems with bidirectional data flow. We connect
BFFG with optics by demonstrating that the forward and backwards map together
define a functor from a category of Markov kernels into a category of optics, which is
furthermore lax monoidal in the case when the guiding functions and kernels used in
the backward step coincide with the generative dynamics.

1 Introduction

With recent advances in computing power and hardware architectures, statistical and machine-
learning models and algorithms have increased in scale and complexity. A key technique to under-
stand and analyse complex algorithms is to understand their compositional structure: what are
the fundamental building blocks that constitute an algorithm, and how are they related?
Mathematically, the study of structure and composition is the essence of category theory Pierce
[1991]. As such, the past decade has witnessed an increased application of category theory to
machine learning, e.g. Fritz et al. [2024], Shiebler et al. [2021], Fong et al. [2019]. One key underlying
idea is to focus on compositionality and abstract away specific implementational details.
In this work, we will make use of tools from category theory in order to study an algorithm for
Bayesian inference on partially observed systems. Such systems include state space models, also
known as hidden Markov models, which consist of a latent Markov process that is only partially
observed, possibly subject to noise. A visualisation as a directed graph is given in Figure 1; • and
◦ correspond to latent and observed vertices respectively. With Xs denoting the value at vertex s,
the values at the leaf vertices are generated as follows:

Xt0 | Xr ∼ κr,t0(Xr, ·);
Xti | Xti−1 ∼ κti−1,ti(Xti−1 , ·), 1 ≤ i ≤ n;

Xvi | Xti ∼ κvi,ti(Xti , ·).
Here, the (κs,t) are Markov kernels (Cf. Section 2.1) that represent the conditional probability dis-
tributions by which the process evolves on the directed graph. State-space models have widespread
use in many fields including engineering, economics and biology (see e.g. Rabiner and Juang [2007],
West and Harrison [1997] and Durbin and Koopman [2012]).
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Figure 1: Visualisation of a state-space-model. The process starts from the known root vertex r and evolves
over times t0, t1, . . . , tn. At each time ti, a partial observation at vertex vi is assumed.
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Figure 2: Example of a stochastic process on a directed tree. The root-node is denoted by r which, without
loss of generality, is assumed to be known. We assume at each vertex sits a random quantity, and only at the
leaf vertices v1 and v2 a realisation of that random quantity is observed.

In this paper we consider the more general setup where X is a stochastic process on a directed
tree. The process is assumed to be observed exactly at its leaf vertices. A simple example is given
in Figure 2.
The smoothing problem consists of inferring the distribution of the process at all interior (non-
observed) vertices, conditional on the observations at the leaves. For the example in Figure 2
this amounts to {Xti

, 1 ≤ i ≤ 4}. Cappé et al. [2005] present multiple approaches towards this
problem for the specific setting of state-space models: (i) normalised forward-backward recursion;
(ii) forward decomposition; (iii) backward decomposition. The computations involved can only
be performed in closed-form in very specific settings, such as when the latent states take values
only in a finite set. The celebrated Kalman filter-smoother for linear Gaussian systems is another
well-known example (Bishop [2007]).
Mider et al. [2021] introduced the Backward Filtering Forward Guiding (BFFG) algorithm (Algo-
rithm 2), which uses the forward decomposition with simplified dynamics in the backward filtering
pass for X. BFFG provides a general framework for dealing with the smoothing problem, en-
compassing both the Kalman and finite-state space settings as special cases. When no separate
simplifying dynamics are used, the algorithm reduces to Backward Filtering Forward Sampling
(BFFS), Algorithm 1. The well-known Forward Filtering Backward Sampling (FFBS) algorithm
for inference in state space models (Frühwirth-Schnatter [1994], Carter and Kohn [1994]) can be
seen as BFFS applied to the time-reversed process.
The BFFG algorithm is characterised by a bidirectional data flow: there is both a forward and
backward pass. Within category theory, lenses and optics have been introduced as abstract models
for bidirectionality; see Riley [2018]. It is the aim of this paper to provide a categorical perspective
on the BFFG algorithm using optics. In particular, in Theorems 8 and 11 we provide composition-
ality results for smoothing. More precisely, we show that the BFFG algorithm defines a functor
from a category of Markov kernels into a category of optics, which in the case of BFFS is lax
monoidal. In other words, the optic obtained from parallel or sequential composition of Markov
kernels is equivalent to the corresponding composition of optics of the separate Markov kernels.
Since FFBS (Frühwirth-Schnatter [1994]) can be seen as a special case of BFFS, analogous com-
positionality results for FFBS are a direct consequence of our results. While BFFG in general fails
to be lax monoidal, this does not typically affect its practical application in Monte Carlo inference,
see Remark 17.
This categorical perspective enables prospective users to break down this complex algorithm into
its constituent parts, to aid implementation and comprehensibility. It demonstrates that there
is a higher-order structure-preserving core within such smoothing algorithms. In particular, our
results show that it suffices to define forward and backward maps over each edge in the graph (as in
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Definitions 8 and 9 in Section 4). Upon pairing both maps on an edge via the optic, the smoothing
algorithm on a directed tree then consists of a composition of optics. Several illustrations of this
are discussed in Section 5.

1.1 Related work

There have been a number of recent papers seeking to utilise concepts from category theory to
study, understand and develop algorithms arising in computational statistics and machine learning.
To this end, the development of categorical probability has been very fruitful; see for instance, Fritz
[2020], Cho and Jacobs [2019]. This approach sees Markov kernels and their composability via
Chapman–Kolmogorov as primary, and enables the use of powerful tools from category theory
such as string diagrams. In this work, we will use the fact that Markov kernels form a category,
recalled in Proposition 4.
A notable recent work is Fritz et al. [2024] (see also the parallel work of Virgo [2023]), which uses
the framework of Markov categories to abstract and generalize methods for inference on hidden
Markov models (HMMs). This enables the authors to provide a unified treatment of several
such smoothing algorithms. In contrast with the present work, we are less interested in studying
algorithms for HMMs in the abstract, but focus on the Backward Filtering Forward Guiding
algorithm in particular – which can be applied more generally than the HMM setting – and in fact
show that this algorithm itself possesses a compositional structure.
Optics as models of bidirectional data flow have also found numerous applied uses. For instance,
in the recent works of Smithe [2020, 2021], Braithwaite et al. [2023], a category of optics termed
Bayesian lenses is used to give a compositional account of Bayesian inference itself. Further
detailed comparisons with these particular works are given in Section 4. Optics have also been
applied in various other places Gavranović [2022], such as the Haskell library lens and in the study
of reverse-mode automatic differentiation Vertechi [2022].

1.2 Outline

In Section 2 we recap some results on Markov kernels and present the BFFG algorithm. In Section
3 we recall the necessary definitions from category theory in order to state our results; specific
attention is paid to the category of optics. The categorical results on BFFG together with the
main results of the paper, Theorem 8 and Theorem 11, are in Section 4. Section 5 concludes the
paper with several examples.

Acknowledgment: We thank Keno Fischer, Philipp Gabler, Evan Patterson, Chad Scherrer and
Bruno Gavranović for helpful discussions. AQW was partially supported by a Discipline Hopping
Award from the Prob_AI Hub (EP/Y028783/1). We are very grateful to the associate editor
and anonymous referees for their extremely helpful comments, including the suggestion of the
first/second terminology.

2 Backward Filtering Forward Guiding

In this section, we describe the BFFG algorithm introduced in Mider et al. [2021] and generalised in
Van der Meulen and Schauer [2022]; see also Van der Meulen [2022] for a non-technical introduction.
We first recap standard results on Markov kernels.

2.1 Markov kernels

Let S = (E,B) and S′ = (E′,B′) be measurable spaces. A Markov kernel from source S to target
S′ is denoted by κ : S _ S′ (note the specific arrow). That is, κ : E ×B′ → [0, 1], where (i) for
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fixed B ∈ B′ the map x 7→ κ(x, B) is B-measurable and (ii) for fixed x ∈ E, the map B 7→ κ(x, B)
is a probability measure on S′.
On a measurable space S, denote byM(S) and B(S) the sets of nonnegative measures and bounded
measurable functions on S respectively. The kernel κ induces a pushforward of a measure µ on S
to a measure on S′ via

µκ(·) =
∫

E′
κ(x, ·)µ(dx), µ ∈M(S). (2.1)

We can define a linear operator, continuous with respect to the topologies generated by the supre-
mum norm, κ : B(S′)→ B(S) given by

κh(·) =
∫

E

h(y)κ(·, dy), h ∈ B(S′). (2.2)

We will refer to this operation as the pullback of h under the kernel κ. Markov kernels κ1 : S0 _ S1
and κ2 : S1 _ S2 can be composed by the Chapman–Kolmogorov equations to obtain a kernel
S0 _ S2, this (associative) composition is here written as the juxtaposition

κ2 ◦ κ1(x0, ·) = (κ1κ2)(x0, ·) =
∫

E1

κ2(x1, ·)κ1(x0, dx1), x0 ∈ E0. (2.3)

We can furthermore define for κ : S1 _ S2, κ′ : S′
1 _ S′

2 the product kernel κ⊗κ′ : S1⊗S′
1 _ S2⊗S′

2
on the cylinder sets of S2 ⊗ S′

2 by

(κ⊗ κ′)((x, x′), B ×B′) = κ(x, B)κ′(x′, B′), (2.4)

where x ∈ E1, x′ ∈ E′
1, B ∈ B2, B′ ∈ B′

2, and then extend it to a kernel on the product measure
space.

2.2 Description of the stochastic dynamics on a tree

Using Markov kernels, we can define a “computational graph” of the stochastic process evolving
on a directed tree. This is most easily done through an example. Consider the tree depicted in
Figure 2. Though this visualisation is popular in the literature on Bayesian networks – highlighting
vertices at which random quantities “sit”– from a categorical point of view it is more natural to
convert this figure into the string diagram given in Figure 3; for other papers also representing
Bayesian networks using string diagrams, see Fong [2012], Jacobs et al. [2019], Fritz and Klingler
[2023], Fritz and Liang [2023]. The string diagram corresponding to a state-space model is shown
in Figure 4, where for simplicity we took n = 2.
Here, for any measurable space S, the copy kernel � : S _ S ⊗ S is a Markov kernel defined by

�(x, dy) = δx(dy1)δx(dy2), y = (y1, y2). (2.5)

This Markov kernel encodes the process of making a copy of x when the process branches into
conditionally independent sub-branches. The “computational graph” of the dynamics along the
tree is then given by

κr,t1κt1,t2� (κt2,t3 ⊗ κt2,t4)(κt3,v1 ⊗ κt4,v2).

By considering such generations, we see that the sequential structure of this computational graph
can be simplified to κ1κ2κ3κ4κ5, where κ1 = κτ,t1 , κ2 = κt1,t2 , κ3 = �, κ4 = κt2,t3 ⊗ κt2,t4

and κ5 = κt3,v1 ⊗ κt4,v2 . More generally, for a directed tree, we sequentially order the vertices,
by partitioning the vertices in generations Γ1, Γ2, . . . , Γn and Γ0 = {0}, Γn+1 = V, such that all
parents of vertices s ∈ Γi are in

⋃
0≤j<i Γj . Write Xi = XΓi

and set

κi(xi−1; dxi) = P(Xi ∈ dxi | Xi−1 = xi−1).

Therefore, in the following, we assume a stochastic process on a line-graph, with vertices denoted
by {0, 1, . . . , n+1}, where the root-vertex 0 is assumed to be known and the transition from vertex

4



�κr,t1 κt1,t2

κt2,t3

κt3,v1

κt2,t4

κt4,v2

Figure 3: String diagram corresponding to Figure 2. � is is the duplication kernel defined in (2.5).

κr,t0 �

κt0,v0

κt0,t1 �

κt1,v1

κt1,t2 κt2,v2

Figure 4: String diagram corresponding to Figure 1 when n = 2.

i− 1 to i is governed by the Markov kernel κi : Ei−1 → Ei. Then, if at node 0 the process equals
the known quantity x̂0, the distribution at vertex 1 is δx̂0κ1, the pushforward of δx̂0 (cf. Equation
(2.1)). Pushing forward iteratively, we see that the random quantity at vertex i, denoted by Xi,
has distribution

δx̂0κ1κ2 · · ·κi. (2.6)

2.3 Conditioning on a line graph

Suppose that we observe xn+1 at vertex n + 1. See Figure 5, where we have added the Markov
kernels along the branches. The smoothing distribution is the distribution of the process on the
graph, conditioned on its value xn+1 at node n + 1. We are interested in generating samples from
the smoothing distribution.
We assume that for the final vertex the kernel κn+1(x, dy) has a jointly measurable density
pn+1(x, y) with respect to a dominating measure ν:

κn+1(x, A) =
∫

A

pn+1(x, y)ν(dy).

We define the family of functions (hi)n
i=1 as follows.

Definition 1. On a line graph, the backward filter is defined by the following recursive scheme,
where we recurse from i = n down to i = 1:

hn(·) = pn+1(·, xn+1),
hi−1 = κihi, i = 1, . . . , n,

(2.7)

each hi−1 defined as a pullback as in (2.2).

0 1 2 n n + 1
κ1 κ2 κn+1

Figure 5: Stochastic process on a line graph with one observation corresponding to the composition of Markov
kernels specified in Equation (2.6).
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Each hi(x) is the likelihood corresponding to a fixed observation Xn+1 = xn+1, given ‘parameter’
Xi = x. The stochastic process that is conditioned on Xn+1 = xn+1 is Markovian then with
transition kernels

κ⋆
i (x, dy) = κi(x, dy)hi(y)∫

Ei
κi(x, dy′)hi(y′) . (2.8)

This motivates the following definition.

Definition 2. For a family of strictly positive functions (hi), the h-transform maps each (κi, hi)
to κ⋆

i , where κ⋆
i is defined in (2.8).

Therefore, if (hi)n
i=0 are known, we can pushforward δx̂0 , via

δx̂0κ⋆
1κ⋆

2 · · ·κ⋆
i , (2.9)

which gives the marginal distribution of the conditioned process at vertex i, with the joint distri-
bution of (X⋆

0 , . . . , X⋆
n) being

P ⋆(dx0, . . . , dxn) = δx̂0(dx0)κ⋆
1(x0, dx1) · · ·κ⋆

n(xn−1, dxn).

We remark that, with marginal distributions of Xi given by (2.6) and here denoted by µi, for almost
all observations (with respect to the marginal distribution of Xn+1), the functions hi(x) will be
different from 0 on sets that have positive marginal probability (with respect to µi). Therefore κ⋆

i

is well-defined up sets of zero marginal probability.
We conclude that a realisation of the conditioned process can be obtained as follows: first compute
the backward filter, to obtain the family (hi)n

i=0, then forward simulate from the kernels κ⋆
i , where

κ⋆
i is the h-transform of (κi, hi). Hence, the operation is bidirectional. This is spelt out explicitly

in the Backward Filtering Forward Sampling algorithm detailed in Algorithm 1.

2.4 Guiding on a line graph

In most cases of practical interest, the backward filter (2.7) cannot be computed in closed form. For
that reason, we associate to each kernel κi an approximate guiding kernel κ̃i which is chosen such
that the backward filter with the kernels κ̃i is tractable (that is, more easily computed, preferably
in closed form):

gn(·) = p̃n+1(·, xn+1)
gi−1 = κ̃igi, i = 1, . . . , n.

(2.10)

We will refer to these functions {gi}n
i=0 as the guiding functions. Using our guiding functions, we

define the Markov kernels obtained by the h-transform of (κi, gi):

κ◦
i (x, dy) = κi(x, dy)gi(y)∫

Ei
κi(x, dy′)gi(y′) . (2.11)

If chosen properly (see Remark 2), the sequence of maps {gi}n
i=0 ensures that realisations of the

process under κ◦
i are guided towards xn+1 at vertex n + 1. Indeed, these kernels κ◦

i define a guided
process with law P ◦ (2.13) with the property that our observed point xn+1 has high probability
under P ◦. By taking quotients of (2.8) and (2.11), we obtain Radon–Nikodym derivatives

κ⋆
i (x, dy)

κ◦
i (x, dy) = hi(y)

gi(y)

∫
Ei

κi(x, dy′)gi(y′)∫
Ei

κi(x, dy′)hi(y′) .

Proposition 1. The likelihood ratio of paths samples under κ⋆
i relative to κ◦

i is given by

L(x1, . . . , xn) = hn(xn)
gn(xn)

g0(x̂0)
h0(x̂0)

n∏
i=1

κigi(xi−1)
κ̃igi(xi−1) .
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Algorithm 1 Backward Filtering Forward Sampling
Input: Initial state x0; observation time n + 1; transition kernels κi; observation xn+1 of Xn+1;

conditional ν-density pn+1.
Output: A sample path (x0, x1, . . . , xn) from P ⋆ and likelihood h0(x0).

1: function BackwardFilter((κ1, . . . , κn), hn, n)
2: for i = n down to 1 do
3: hi−1 ← κihi

4: end for
5: m← (h1, . . . , hn)
6: return h0,m
7: end function
8: function ForwardSample1(x, κ, h)
9: Let π(dy) ∝ κ(x, dy)h(y)

10: Sample y ∼ π
11: return y
12: end function
13: function ForwardSample(x0, (κ1, . . . , κn),m, n)
14: (h1, . . . , hn)← m
15: for i = 1 to n do
16: xi ← ForwardSample1(xi−1, κi, hi)
17: end for
18: return (x0, . . . , xn)
19: end function
20: function BFFS(x0, (κ1, . . . , κn), pn+1, xn+1, n)
21: hn(·)← pn+1(·, xn+1)
22: h0,m← BackwardFilter((κ1, . . . , κn), hn, n)
23: return ForwardSample(x0, (κ1, . . . , κn),m, n), h0(x0)
24: end function

7



Proof. The likelihood ratio is

L(x1, . . . , xn) =
n∏

i=1

hi(xi)
gi(xi)

∫
κi(xi−1, dy)gi(y)∫
κi(xi−1, dy)hi(y)

= hn(xn)
h0(x̂0)

n∏
i=1

∫
κi(xi−1, dy)gi(y)

gi(xi)

= hn(xn)
gn(xn)

g0(x̂0)
h0(x̂0)

n∏
i=1

κigi(xi−1)
κ̃igi(xi−1) ,

where the first equality is simply the definitions, the second equality is due to the cancellation of
terms due from the recursive relation in (2.7) and the final equality from the recursive relation
(2.10).

Proposition 1 implies that for bounded functions f ,
E

[
f(X1, . . . , Xn) | Xn+1 = xn+1

]
= E◦ [

f(X1, . . . , Xn)L(X1, . . . , Xn)
]

, (2.12)
where E◦ denotes expectation under which X has law

P ◦(dx0, . . . , dxn) = δx̂0(dx0)κ◦
1(x0, dx1) · · ·κ◦

n(xn−1, dxn). (2.13)

Assuming hn = pn+1(·, xn+1) to be tractable and X0 = x̂0 being fixed and known, the likelihood
ratio does not involve h1, . . . , hn−1 which may be hard or expensive to compute. It does however
depend on h0(x̂0), the evidence, which can usually not be evaluated. Fortunately, Markov Chain
or Sequential Monte Carlo methods that exploit the relation in (2.12) only require evaluation of L
up to a fixed multiplicative constant. For instance, (2.12) implies

E
[
f(X1, . . . , Xn) | Xn+1 = xn+1

]
=

E◦ [
f(X1, . . . , Xn)L(X1, . . . , Xn)

]
E◦

[
L(X1, . . . , Xn)

] .

The right-hand-side can be approximated by the self-normalised importance sampling estimator,

T :=
∑I

i=1 f(X1,i, . . . , Xn,i)L(X1,i, . . . , Xn,i)∑I
i=1 L(X1,i, . . . , Xn,i)

, (2.14)

where {(X1,i, . . . , Xn,i)}I
i=1 are independent samples under P ◦. We see that T does not depend

on h0(x̂0).
An algorithmic description of the full Backward Filtering Forward Guiding is given in Algorithm 2.
In the case when κ̃ = κ, we recover BFFS as in Algorithm 1.
Remark 2. We need to choose the guiding functions {gi} such that P ⋆ is absolutely continu-
ous with respect to P ◦. A specific choice can be made for example by minimising the (reverse)
Kullback–Leibler divergence between P ⋆ and P ◦; other discrepancy measures between the two
measures are possible. Alternatively, if one uses BFFG within a sequential Monte Carlo algorithm,
a practical criterion consists of choosing the guiding functions such that the effective sample size
of particles is maximised.
Remark 3. For ease of exposition, we have introduced the BFFG algorithm on a line graph with
a single observation. We refer to Theorem 2.2 in Van der Meulen and Schauer [2022] for a more
general statement on a directed acyclic graph.

3 Definitions from category theory

The main contribution of this work is to connect the BFFG algorithm described above with well-
established concepts from category theory. Our main contribution will be showing that the BFFG
algorithm preserves sequential composition and furthermore parallel composition in the case of
BFFS. To formalise this, we will make use of well-established categorical concepts such as monoidal
categories and lax monoidal functors. For readers who are less familiar with these concepts, we
have included full definitions in Appendix A.
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Algorithm 2 Backward Filtering Forward Guiding (BFFG)
Input: Initial state x0; observation time n + 1; transition kernels (κi), (κ̃i); observation xn+1 of

Xn+1; conditional ν-densities pn+1 and p̃n+1.
Output: A sample path (x0, x1, . . . , xn) from P ◦ and a weight ϖ = h0(x0) · L(x1, . . . , xn).

1: function ForwardGuiding1((x, ϖ), κ, κ̃, g)
2: Let π(dy) = κ(x, dy)g(y)/(κg)(x)
3: Sample y ∼ π

4: w ← (κg)(x)
(κ̃g)(x)

5: return y, w ·ϖ
6: end function
7: function ForwardGuiding((x0, ϖ), (κ1, . . . , κn), (κ̃1, . . . , κ̃n),m, n)
8: (g1, . . . , gn)← m
9: for i = 1 to n do

10: xi, ϖ ← ForwardGuiding1((xi−1, ϖ), κi, κ̃i, gi)
11: end for
12: return (x0, . . . , xn), ϖ
13: end function
14: function BFFG(x0, (κ1, . . . , κn), (κ̃1, . . . , κ̃n), pn+1, p̃n+1, xn+1, n)
15: hn(·) = pn+1(·, xn+1)
16: gn(·) = p̃n+1(·, xn+1)
17: g0,m← BackwardFilter((κ̃1, . . . , κ̃n), gn, n)
18: (x0, . . . , xn), ϖ ← ForwardGuiding((x0, g0(x0)), (κ1, . . . , κn), (κ̃1, . . . , κ̃n),m, n)
19: return (x0, . . . , xn), ϖ · hn(xn)/gn(xn)
20: end function

3.1 The category Stoch

It is a key contribution of categorical probability, Fritz [2020], Cho and Jacobs [2019], that the
Chapman–Kolmogorov equations (2.3), actually constitute composition κ2 ◦ κ1 in a particular
category, Stoch, of Markov kernels. Formally, we have the following well-known fact; see, for
instance [Fritz, 2020, Section 4]:

Proposition 4. The category Stoch, with objects measurable spaces, S, S′, . . . , and Markov ker-
nels κ : S _ S′ as morphisms is a symmetric monoidal category: sequential composition is as
defined in (2.3). The identity id for this composition is the identity function considered as a
Markov kernel, id(x, dy) = δx(dy). The monoidal product is as in (2.4) with monoidal unit
1Stoch =

(
{∗}, (∅, {∗})

)
.

3.2 Optics

Optics were introduced in Riley [2018] for modelling systems with bidirectional data flow. Here, we
present the formulation as given in Gavranović [2022]. Note that an optic models a transformation
in which a first (forward) pass is followed by a second (backward) pass.

Definition 3. Given a symmetric monoidal base category (C,⊗, 1, α, λ, ρ), an optic from a pair
of objects from C, (A, A′) to a pair (B, B′) is an equivalence class of triplets (M, fm, sm) where

• M is an object of C, the type of the internal state;

• fm: A→M ⊗B, a morphism referred to as the first map;

• sm: M ⊗B′ → A′, a morphism referred to as the second map;

9



and the equivalence class is given by the finest equivalence relation containing the following relation:
for two such triplets (M, f, f ′) and (N, g, g′), we have (M, f, f ′) ∼ (N, g, g′) if there exists a residual
morphism r : M → N such that (r ⊗B) ◦ f = g and g′ ◦ (r ⊗B′) = f ′:

A M ⊗B

N ⊗B

g

f

r⊗B

M ⊗B′ A′

N ⊗B′

f ′

r⊗B′
g′

.

An optic from (A, A′) to (B, B′) can be visualised as follows:

fmA B

smA′ B′

M

(3.1)

In the first pass, fm produces a message of type M , the internal state, which is consumed in the
second pass by sm.

Remark 5. In the literature, the first pass is typically referred to as the forward pass, and the
second pass as the backward pass, reflecting the flow of the information, e.g. Gavranović [2022].
We have opted to use the (new) terminology of first/second instead of forwards/backwards in order
to avoid confusion: the first (i.e. forward) pass of the BFFG algorithm is actually the backward
filter, and the second (i.e. backward) pass of the BFFG algorithm is the forward guiding step.

Definition 4 (Composition of optics). Optics can be composed as follows [Gavranović, 2022,
Definition 3]: consider two optics[

A
A′

]
(M1,fm1,sm1)−−−−−−−−−→

[
B
B′

]
and

[
B
B′

]
(M2,fm2,sm2)−−−−−−−−−→

[
C
C ′

]
,

then the composite (M, fm, sm): (A, A′)→ (C, C ′) is defined by

M := M1 ⊗M2 (3.2)
fm := (idM1 ⊗ fm2) ◦ fm1 : A→M1 ⊗ (M2 ⊗ C) (3.3)
sm := sm1 ◦ (idM1 ⊗ sm2) : M1 ⊗ (M2 ⊗ C ′)→ A′, (3.4)

noting we have further isomorphisms M1 ⊗ (M2 ⊗ C) ∼= (M1 ⊗M2) ⊗ C and M1 ⊗ (M2 ⊗ C ′) ∼=
(M1 ⊗M2) ⊗ C ′. This composition is represented diagrammatically below. The blue rectangles
indicate that its constituent components should be viewed together as a single unit; compare with
(3.1).

fm1A

sm1A′

M1

fm2 C

sm2 C ′

M2

B

B′

Definition 5 (Tensor product of optics). Consider two optics[
A1
A′

1

]
(M1,fm1,sm1)−−−−−−−−−→

[
B1
B′

1

]
and

[
A2
A′

2

]
(M2,fm2,sm2)−−−−−−−−−→

[
B2
B′

2

]
,
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then the tensor product (M, fm, sm), mapping[
A1 ⊗A2
A′

1 ⊗A′
2

]
(M,fm,sm)−−−−−−−→

[
B1 ⊗B2
B′

1 ⊗B′
2

]
is defined by

M := M1 ⊗M2

fm := fm1 ⊗ fm2 : A1 ⊗A2 → (M1 ⊗B1)⊗ (M2 ⊗B2)
sm := sm1 ⊗ sm2 : (M1 ⊗B′

1)⊗ (M2 ⊗B′
2)→ A′

1 ⊗A′
2,

further noting that since the base category is symmetric monoidal we have isomorphisms (M1 ⊗
B1)⊗ (M2⊗B2) ∼= (M1⊗M2)⊗ (B1⊗B2) and (M1⊗B′

1)⊗ (M2⊗B′
2) ∼= (M1⊗M2)⊗ (B′

1⊗B′
2).

This tensor product can be visualised by placing the corresponding diagrams (3.1) adjacent and
overlapping one another; again, blue rectangles indicate those sections should be viewed as a single
block:

fm1A1

sm1

A2

M1

A′
1

A′
2

fm2

B1

sm2

B2

M2

B′
1

B′
2

Definition 6 (Identity optic). Given (A, A′), the identity optic idO
A,A′ : (A, A′) → (A, A′) is

(1, λ−1
A , λA′): we take as internal state 1, the monoidal unit, then the first map is λ−1

A : A→ 1⊗A
and the second map is λA′ : 1⊗A′ → A′, the left unitors.

Definition 7 (Category of optics). The category Optic(C) has as objects pairs of objects from
C, (A, A′), (B, B′), . . ., and as morphisms optics (M, fm, sm) from (A, A′) to (B, B′) as defined in
Definition 3. Sequential composition, the monoidal product and identities are as defined above,
and this gives rise to a symmetric monoidal category.
In the case of Optic(Set), the monoidal unit is simply {∗} ⊗ {∗}.

See [Riley, 2018, Theorem 2.0.12] for a proof that Optic(C) is symmetric monoidal.

Remark 6. For our subsequent compositional results for BFFG, we will be working with
Optic(Set). In this case, since Set is Cartesian, we have the isomorphism Optic(Set) ∼= Lens(Set)
[Gavranović, 2022, Proposition 1], so we could alternatively have worked with lenses.

4 A categorical approach to Backward Filtering Forward Guiding

In Section 2, we introduced the BFFG algorithm on a line graph. It consists of two steps:

• first, in the backward pass, we iteratively compute gi−1 = κ̃gi;

• secondly, in the forward pass we iteratively apply the h-transform from Definition 2 to (κi, gi).

In this section, we will formalise both steps by defining formally first and second maps, using the
framework of Optics as defined in Section 3.2. The first pass will correspond to the backward pass
of BFFG, and the second pass will correspond to the forward pass of BFFG.

11



4.1 First and second maps

In the upcoming definitions we assume we are given Markov kernels κ : S _ S′ and κ̃ : S _ S′,
where S = (E,B) and S′ = (E′,B′) are measurable spaces. Recall that a measure µ is s-finite if
there exists a countable family of finite measures (µn) with µ =

∑
n µn.

For a measurable space S = (E,B), let M+(S) denote the set of strictly positive measurable
functions on S. LetMs(S) denote the set of s-finite measures on S. The class of s-finite measures
is convenient to work with, since it is closed under pushforwards of measurable maps and Markov
kernels [Staton, 2017, Proposition 7].

Definition 8. For a Markov kernel κ̃ : S _ S′, define B
κ̃

: M+(S′)→M+(S′)×M+(S) by

B
κ̃
(g) = (g, κ̃g) . (4.1)

Intuitively, we should imagine that the kernel κ̃ is an approximation to the kernel κ, and then g
represents an approximation to the functions h defined through (2.7).
This map returns both the pullback κ̃g and an appropriate message g for the map F

κ,̃κ
specified

in the following definition. This corresponds to the backwards map in BFFG, and will be the first
map, fm, in terms of the optic (Definition 3).

Definition 9. For Markov kernels κ, κ̃ : S _ S′, define F
κ,̃κ

: M+(S′)×Ms(S)→Ms(S′) by

F
κ,̃κ

(g, µ) = ν, with ν(dy) :=
∫

S

g(y)
κ̃g(x)µ(dx)κ(x, dy). (4.2)

We note that F
κ,̃κ

is well-defined by considering the following decomposition: given µ =
∑

n µn

for finite measures (µn), consider for each s ∈ N, Bs := {(x, y) : s ≤ m(x, y) < s + 1} ⊂
S ⊗ S′ with m(x, y) := g(y)

κ̃g(x)
; this is well-defined by strict positivity of g. Then, νn,s(dy) :=∫

m(x, y)µn(dx)κ(x, dy)1Bs
(x, y) is a finite measure, with

∑
n,s νn,s = ν.

This corresponds to the forwards pass in BFFG, and in terms of the optic will be the second map,
sm, Definition 3.

The pairing of the first and second maps can be conveniently summarised by the following diagram,
which is analogous to (3.1):

B
κ̃B1 B0

F
κ,̃κM1 M0

g

Note that in the case κ̃ = κ, if µ is a probability measure, then Fκ,κ(g, µ) is a probability measure
as well. In general, even if µ is a probability measure, the output of F

κ,̃κ
will typically not be

a probability measure. In that case, we can reinterpret F
κ,̃κ

as producing a weighted probability
measure: if ϖ ≥ 0 and µ is a probability measure, then

F
κ,̃κ

(g, ϖ · µ)(dy) = (ϖw
κ,̃κ

(g, µ)) · ν(dy),

where the weight w
κ,̃κ

(g, µ) and probability measure ν are defined by

w
κ,̃κ

(g, µ) =
∫

S

∫
S′

g(y)
κ̃g(x)κ(x, dy)µ(dx) =

∫
S

(κg)(x)
(κ̃g)(x)µ(dx)

ν(dy) = w−1
κ,̃κ

(g, µ)
∫

S

g(y)
(κ̃g)(x)µ(dx)κ(x, dy),

(4.3)

provided we have 0 < wκ(m, µ) < ∞. Hence, by using an approximate κ̃ in B
κ̃
, we “pick up” a

weight w
κ,̃κ

(g, µ).
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Definition 10. Given kernels κ̃, κ : S _ S′, our triple (M+(S′),B
κ̃
,F

κ,̃κ
) defines an optic

(M+(S′),Ms(S′)) → (M+(S),Ms(S)) in the category Optic(Set). This optic will be denoted
by O(κ, κ̃).

Remark 7. The BFFG algorithm (as in Algorithm 2) is related to our above construction as
follows:

• Given gn+1 = p̃n+1(·, xn+1) analogous to (2.7), the backward filtering step of Algorithm 2,
Line 17 is equivalent to the composition of first maps B

κ̃1
, . . . ,B

κ̃n
(gn+1), using the compo-

sition rule (3.3). This produces a sequence of guiding functions (g0, . . . , gn) needed for the
second pass.

• The forward guiding step of Algorithm 2, Line 18 is equivalent to sampling from the com-
positions of second maps F

κn ,̃κn
, . . . ,F

κ1 ,̃κ1
(δx̂0) using the composition rule (3.4), given the

output (g0, . . . , gn) of the first maps.

Thus the overall BFFG algorithm is precisely given by composing the optics (M+(Si),Bκ̃i
,F

κ,̃κi
)n
i=1

as given in Definition 10.

Definition 11. Since we will be working with pairs of kernels κ, κ̃, we define the category Stoch2
to be the category whose objects are measurable spaces, as in Stoch, but whose morphisms are
now ordered pairs of kernels (κ, κ̃) : S _ S′ with the same source and target. Composition is then
performed component-wise: (κ, κ̃) ◦ (κ′, κ̃′) = (κ ◦ κ′, κ̃ ◦ κ̃′), and similarly the monoidal product
is also defined pairwise on each component. The required associativity and identities are directly
inherited from Stoch.

4.2 Functoriality of O: equivalence of sequential composition

It turns out that the BFFG algorithm preserves sequential composition from kernels to optics.
Formally, we have the following:

Theorem 8. The BFFG algorithm defines a contravariant functor O : (Stoch2)Op → Optic(Set):

• on objects, given a measurable space S, we have O(S) = (M+(S),Ms(S));

• on arrows, given (κ, κ̃) : S _ S′, we have O(κ, κ̃) : O(S′) → O(S) is as defined in Defini-
tion 10.

To spell this out, consider the composition of two Markov kernels, say κ0,1 and κ1,2, and cor-
responding kernels κ̃0,1 and κ̃1,2. We introduce the short-hand notation Bi,i+1 = B

κ̃i,i+1
and

Fi,i+1 = F
κi,i+1 ,̃κi,i+1

for i ∈ {0, 1}. The optics O(κ0,1, κ̃0,1) and O(κ1,2, κ̃1,2) induced by
(κ̃0,1, κ0,1) and (κ̃1,2, κ1,2) respectively can be composed as follows:

B1,2B2

F1,2M2

g1,2

B0,1 B0

F0,1 M0

g0,1

B1

M1

However, since Markov kernels can be composed – using the Chapman-Kolmogorov equation (2.3)
– there is an alternative way to compose. Defining the kernels B0,2 = B

κ̃0,2
, F0,2 = F

κ0,2 ,̃κ0,2
with

composed kernels κ0,2 = κ0,1κ1,2 and κ̃0,2 = κ̃0,1κ̃1,2 , we have
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B0,2B2 B0

F0,2M2 M0

g0,2

.

Hence, there are two ways to compose:

1. construction 1: compose Markov kernels to get κ0,2 = κ0,1κ1,2 (similarly κ̃0,2 = κ̃0,1κ̃1,2),
then form the optic;

2. construction 2: compose optics (M+(S′),B0,1,F0,1) and (M+(S′′),B1,2,F1,2).

The content of Theorem 8 is that these two constructions give rise to the same optic. The proof is
broken into two steps.

Lemma 9. Both optics are in the same equivalence class. That is

O(κ0,2, κ̃0,2) ∼ O(κ1,2, κ̃1,2) ◦ O(κ0,1, κ̃0,1),

the right-hand-side denoting composition of optics.

Proof. For the construction 1, we see that it has internal state M := M+(S′′), with

B0,2(g) =
(
g, κ̃0,2g

)
, g ∈M+(S′′),

and for g ∈M+(S′′) and µ ∈Ms(S),

F0,2(g, µ) = ν,

ν(dy) =
∫

S

g(y)
κ̃0,2g(x)µ(dx)κ0,2(x, dy).

On the other hand, with construction 2 by composing optics we find we have inner state N :=
M+(S′′)⊗M+(S′) and maps

B′
0,2 : g 7→

(
g, κ̃1,2g, κ̃0,2g

)
, g ∈M+(S′′),

and for (g, g′, µ) ∈M+(S′′)⊗M+(S′)⊗Ms(S),

F ′
0,2 : (g, g′, µ) 7→ ν′,

ν′(dy) =
∫

S

µ(dx)
κ̃0,1g′(x)

∫
S′

κ0,1(x, dy′) · g′(y′)
κ̃1,2g(y′) · κ1,2(y′, dy)g(y).

(4.4)

To show that these are in the same equivalence class, we define the residual morphism r : M → N
via

r : M+(S′′) ∋ g 7→
(
g, κ̃1,2g

)
∈M+(S′′)⊗M+(S′).

With this choice of r, it is easy to see that the required commutation relations on r in Definition 3
do hold; for instance in the definition of ν′ in (4.4), given g′ = κ̃1,2g, the inner fraction simplifies
to 1 and we see ν′ = ν in this case.

In order to complete the proof of Theorem 8, we also need to establish preservation of identities.

Lemma 10. For any measure space S, writing idS for the identity kernel x 7→ δx in Stoch, we
have that O(idS , idS) is the identity optic idO

O(S) in Optic(Set).

Proof. For the first pass, we have BidS
(g) = (g, g). For the second pass, we have FidS ,idS

(g, µ) = ν
with ν(dx) = µ(dx).
By trivially discarding the message g, that is, r : M+(S) → 1 = {∗} maps g 7→ ∗, we see this
corresponds to the identity optic on (M+(S),Ms(S)).
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4.3 Equivalence of parallel composition

In the previous section we established that BFFG is functorial, namely it preserves sequential
composition. We now show that BFFS (when κ̃ = κ) is a lax monoidal functor : it preserves
parallel composition. Intuitively, lax monoidality of BFFS is related to the fact that conditional
independence is preserved under conditioning on the leaves. We would not expect more than lax
monoidality of BFFS (for instance, bilaxity) due to the phenomenon of confounding: conditioning
on joint observations introduces dependence between formerly independent states. The failure of
lax monoidality of BFFG is related to the additional need to track global weights; see Remark 17.
Recall (2.4) defining a tensor product of Markov kernels. Intuitively, there are two constructions
involving the ‘product’ of two Markov kernels κ1 and κ2

1. construction 1: take the product of Markov kernels to get κ1⊗2 = κ1 ⊗ κ2 (similarly for
κ̃1⊗2 = κ̃1 ⊗ κ̃2), then form the corresponding optic;

2. construction 2: take the tensor product of the optics (M1,B1,F1) and (M2,B2,F2).

The goal of this section is to prove our following main result. The crucial restriction here is that we
have only a single kernel κ = κ̃, without an additional guiding kernel: in this setting, the category
Stoch2 can be identified with Stoch.

Theorem 11. In the setting where κ̃ = κ, the BFFG algorithm defines a lax monoidal functor
O : (Stoch)Op → Optic(Set).

Proof. Since we have already established in Theorem 8 that O : (Stoch2)Op → Optic(Set) defines a
functor, what remains to establish lax monoidal functoriality is defining an appropriate morphism
ϵ and natural transformation µ, which together satisfy associativity and unitality.
Recall that the monoidal unit in Stoch is 1Stoch = ({∗}, (∅, {∗})) and in Optic(Set) we have
1Optic(Set) = {∗} ⊗ {∗}.
For each pair of objects S, T in Stoch, define the optic

µS,T : O(S)⊗O(T )→ O (S ⊗ T )

as follows: we take trivial internal state, and the following first and second maps:

fm: M+(S)⊗M+(T )→M+(S ⊗ T ),
(
g(s), h(t)

)
7→ g(s) · h(t)

sm: Ms(S ⊗ T )→Ms(S)⊗Ms(T ), µ̄(ds, dt) 7→
(
µ̄(ds, T ), µ̄(S, dt)

)
,

noting that the marginal measures of an s-finite measure remain s-finite.
In other words, a pair of functions on the individual spaces is mapped to the pointwise product
function on the joint space, and a measure on the joint space is mapped to its two marginals on
the individual spaces.
In order to prove naturality of µ, we need to establish the following naturality square: for kernels
κ1, κ̃1 : S _ S′ and κ2, κ̃2 : T _ T ′ ,

O(S′)⊗O(T ′) O(S)⊗O(T )

O(S′ ⊗ T ′) O(S ⊗ T )

O(κ1 ;̃κ1)⊗O(κ2 ;̃κ2)

µS′,T ′ µS,T

O
(

κ1⊗κ2 ;̃κ1⊗κ̃2
) . (4.5)

In Lemma 12 below, we demonstrate that this naturality square does hold in the assumed case
when κ̃1 = κ1 and κ̃2 = κ2.
Thus in order to complete the proof of Theorem 11, we need to verify the associativity and unitality
conditions of Definition 15.
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To this end, define the morphism ϵ : 1Optic(Set) → O(1Stoch) = M+({∗})⊗Ms({∗}) to be the optic
with trivial internal state and the following first and second maps:

fm: {∗} →M+({∗}), ∗ 7→ 1
sm: Ms({∗})→ {∗}, µ 7→ ∗,

that is, in the first pass ∗ is mapped to the constant function 1 and in the second pass the measure
is simply deleted.
In Lemma 14, we prove associativity of µ. In Lemma 15, we prove that the unitality conditions on
ϵ, µ hold.
Thus the proof of Theorem 11 is complete.

Lemma 12. In the case when κ̃1 = κ1 and κ̃2 = κ2, our family of morphisms µS,T defines a
natural transformation O(·)⊗O(·)→ O(· ⊗ ·).

Proof. Let’s compute the two sides of the naturality square (4.5):

• (↓,→): here we first map using the component µS′,T ′ , and then use the BFFG functor on a
pair of product kernels. This composite optic has the following components:

internal state: N = M+(S′ ⊗ T ′);
fm : M+(S′)⊗M+(T ′)→ N ⊗M+(S ⊗ T ),

(g1, g2) 7→ (g1 · g2, κ̃1g1 · κ̃2g2) ;
sm : N ⊗Ms(S ⊗ T )→Ms(S′)⊗Ms(T ′),(

ḡ(s′, t′), µ̄(ds, dt)
)
7→

(
ν(ds′, T ′), ν(S′, dt′)

)
,

where ν(ds′, dt′) =
∫

S⊗T

ḡ(s′, t′)[
(κ̃1 ⊗ κ̃2) ḡ

]
(s, t)

µ̄(ds, dt)κ1(s, ds′)κ2(t, dt′).

(4.6)

The distributions (4.6) can be naturally interpreted as the marginal distributions of the
output of the guiding pass (the second map).

• (→, ↓): here we first form the product of two individual optics formed from BFFG, and then
use the component µS,T . We have the following components:

internal state: M = M+(S′)⊗M+(T ′);
fm : M+(S′)⊗M+(T ′)→M ⊗M+(S ⊗ T ),

(g1, g2) 7→ (g1, g2, κ̃1g1 · κ̃2g2) ;
sm : M ⊗Ms(S ⊗ T )→Ms(S′)⊗Ms(T ′),(

g1, g2, µ̄(ds, dt)
)
7→

( ∫
S

g1(s′)
κ̃1g1(s) µ̄(ds, T )κ1(s, ds′),

∫
T

g2(t′)
κ̃2g2(t) µ̄(S, dt)κ2(t, dt′)

)
.

(4.7)

In order to argue that these two optics are equal, we need to present a residual morphism r : M → N
between the internal states, such that the two triangles from Definition 3 commute. We choose

r : M+(S′)⊗M+(T ′)→M+(S′ ⊗ T ′),(
g1(s′), g2(t′)

)
7→ g1(s′) · g2(t′).

With this definition, the left-hand triangle of Definition 3 is immediately seen to hold.
For the right-hand triangle, it is equivalent to requiring that the following is equal to the final
expression of (4.7) for any g1, g2, µ̄:( ∫

S⊗T

g1(s′)
κ̃1g1(s) µ̄(ds, dt)κ1(s, ds′) w2(t),

∫
S⊗T

g2(t′)
κ̃2g2(t) µ̄(ds, dt)κ2(t, dt′) w1(s)

)
, (4.8)

where
wi(t) := κigi(t)

κ̃igi(t)
, i = 1, 2.

Naturality thus holds when κ̃1 = κ1 and κ̃2 = κ2.
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Remark 13. We can see in the proof of Lemma 12 why BFFG fails to be a lax monoidal functor
in general: without the restriction κ̃ = κ, the ‘natural’ choice of µ in fact fails to be a natural
transformation: the wi appearing in (4.8) can be interpreted as the importance weights picked
up from the other branch of the computation, which in general, do not equal 1. While we do
not formally prove that there do not exist any natural transformations that can make BFFG lax
monoidal, we conjecture that no such transformations exist.

Lemma 14. Our morphisms µ satisfy the associativity condition.

Proof. We need to check that the associativity hexagon in Definition 15 holds.
This is somewhat tedious to verify, but it does hold: we need to check the actions on functions
and measures, checking that for these mappings we can take either direction around the hexagon.
For functions, since pointwise products of functions is associative, both directions will map a triplet
(f(r), g(s), h(t)) of functions to the pointwise product (r, s, t) 7→ f(r) · g(s) · h(t).
For measures, the marginalisation operation is also associative, in the sense that given a measure on
a triple joint space µ̄(dr, ds, dt), it does not matter in which order one performs the marginalisation:
one can first form the intermediate pair of marginals

(
µ̄(dr, S, T ), µ̄(R, ds, dt)

)
or the alternative

pair
(
µ̄(dr, ds, T ), µ̄(R, S, dt)

)
. Given either of these intermediate pairs, further marginalisation

will result in the same set of marginals, namely
(
µ̄(dr, S, T ), µ̄(R, ds, T ), µ(R, S, dT )

)
.

Lemma 15. Our morphisms ϵ, µ satisfy the unitality conditions.

Proof. We check now that the two unitality squares of Definition 15 hold.
For the left square, for functions we are comparing the identity mapping on a function g to the
product g ·1 with the constant 1 function. On measures, given a measure µ(ds), we first marginalise
to obtain

(
µ(S) · δ∗, µ

)
and then delete, resulting in (∗, µ), as required.

The right square is essentially identical.

Remark 16. The previous two lemmas are valid in the general case of Stoch2 and do not require
the restriction to κ̃ = κ.

Remark 17. Failure of lax-monoidality is not surprising. Clearly, upon first extracting marginals
from the joint measure µ̄ and then applying BFFG on each of the marginals, one loses the depen-
dency structure of µ̄, which is retained when applying BFFG on the joint space. However, when
we have a product measure, µ̄(ds, dt) = µ̄(ds, T )µ̄(S, dt), Equation (4.8) reads( ∫

S

g1(s′)
κ̃1g1(s) µ̄(ds, T )κ1(s, ds′)C2,

∫
T

g2(t′)
κ̃2g2(t) µ̄(S, dt)κ2(t, dt′)C1

)
with C1 and C2 constants given by

C1 =
∫

S

w1(s)µ̄(ds, T ) and C2 =
∫

T

w2(t)µ̄(S, dt).

This is to be compared to the expression for sm in (4.7). Algorithmically, since in applications of
BFFG we typically initialise from a Dirac mass – which is indeed a product measure δ(x,y) = δx⊗δy

– these constants are the only differences between the two sides of the naturality square. The output
of the corresponding implementations of the BFFG algorithm is in both cases a sample from x from
P ◦ its likelihood, up to a constant factor. Considering the form of the final estimator T (2.14),
these constants will ultimately cancel out, and hence are irrelevant. Thus, while lax-monoidality
fails from a mathematical perspective, from a statistical perspective this failure is not an issue,
and we can consider either implementation of BFFG.

Remark 18. We comment on links with the recent works of Smithe [2020, 2021], Braithwaite
et al. [2023], which contain parallels of our results, when they are specialised to the BFFS setting.
In these cited works, the general procedure of Bayesian inference (namely obtaining a posterior
from a prior and data) is placed on a general categorical footing, and shown to have an optical
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ti−1

vi−1

ti ti+1

vi+1

ti−1 ti+1

vi−1 vi−1

κi−1 κi κi−1κi

Figure 6: Visualisation for Examples 19 and 20. On the left, there are two separate kernels κi−1 : Si−1 → Si

and κi : Si → Si+1, with no observation at point ti. On the right, there is a single (composed) kernel
κi−1κi : Si−1 → Si+1.

structure, similar to our treatment of BFFG. Indeed [Smithe, 2020, Theorem 5.2] also demonstrates
functoriality of Bayesian inversion into a category of optics; our Theorem 8 in the case of BFFS
can thus be seen as a parallel of this result. For example, in the case of BFFS (κ̃ = κ), we can
dually interpret the function g as an (improper) ‘prior’ density, dually interpret the measure µ
as a ‘test function’, and then the measure Fκ(g, µ) from the second pass can be interpreted as
a Bayesian inversion of the channel κ along ‘state’ g. Lax monoidality of the Bayesian inversion
functor has also been established in [Braithwaite et al., 2023, Remark 22], under the assumption of
the existence of support objects (for instance, in the case of finite state spaces or Gaussian kernels).
This result, when applicable, thus parallels our Theorem 11, which we have proven in the setting
of s-finite measures and measurable functions.

5 Examples

The results in this paper show that we may split an edge into multiple edges or, conversely,
collapse multiple edges: the BFFG-algorithm is not affected by this. Below we briefly describe
some examples that illustrate the relevance of this property.

Example 19 (Missing observation). Consider the hidden Markov model setting and suppose that
at a hidden node ti an observation is not recorded, perhaps due to a failing sensor – this situation
is depicted on the left in Figure 6, where the observation vi is absent. In this case, Theorem 8 tells
us that can we can collapse the edges (ti−1, ti) and (ti, ti+1) to (ti−1, ti+1) in the latent process,
corresponding to the right diagram of Figure 6. Specifically, instead of performing two separate
steps of BFFG with kernels κi−1 and κi (and composing optics), we could instead perform a single
step of BFFG with the composite kernel κi−1κi. Theorem 8 ensures that the overall algorithm is
not affected by this.

Example 20 (Intractable composition). Consider the setting where a transition over an edge is
captured by the kernel κ, which is intractable, but can be expressed as κ = κ1κ2 where both κ1 and
κ2 are tractable. This suggest splitting the edge into two edges, where the added vertex in the mid-
dle represents a latent variable. Writing φ(µ, σ) for a Gaussian random variable with mean µ and
covariance σ, a concrete example is κ1(x, dy) = φ(dy; αx, σ2) and κ2(x, dy) = φ(dy; µ(x), ν2) dy.
In this case

κ(x, dy) =
∫

κ1(x, dz)κ2(z, dy) =
∫

φ(dz; αx, σ2)φ(dy; µ(x), ν2).

Only for very specific choices of the map µ this can be computed in closed form, hampering the
backward step. However, due to the structure of κ, we can split the backward step into the
composition of two backward steps, where we take κ̃1 = κ1 and κ̃2(x, dy) = φ(dy; µ̃, σ2) for a user-
specified value of µ̃. Only the second of these steps involves an approximation. Diagrammatically,
this corresponds with beginning from the right diagram of Figure 6, and introducing an auxiliary
intermediary state, corresponding to the left diagram of Figure 6. Again, Theorem 8 allows us to
conclude that BFFG remains the same when introducing this latent variable, performing two steps
of BFFG with kernels κ1, κ2 respectively and then composing the optics.

Example 21 (SDE example). Consider an edge e. On this edge, the transition is governed by
the evolution of the stochastic differential equation (SDE) dXt = µ(Xt) dt + dWt for t ∈ [0, τe].
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Note that in general the transition densities for this SDE are not known in closed form. However,
on short time intervals, an Euler discretisation provides an accurate approximation. As a result,
one can include additional vertices that represent times iτe/n, i = 1, . . . , n − 1, for some (large)
specified value of n. Similar to the previous example, the backward filtering step can now be split
into n steps, where the approximate kernels κ̃ on vertices correspond to the Euler-discretised SDE.

Appendix

A Categorical definitions

We start with the definition of a category, as in [Pierce, 1991, (Definition 1.1.1)].

Definition 12. A category C comprises of

1. a collection of objects;

2. a collection of arrows (also called morphisms);

3. operations assigning to each arrow f an object domf , its domain, and an object codf , its
codomain, succinctly written f : A→ B where A = domf, B = codf ;

4. a composition operator assigning to each pair of arrows f and g with codf = domg, a
composite arrow g ◦ f : domf → codg, satisfying the following associative law: for any
f : A→ B, g : B → C and h : C → D ,

h ◦ (g ◦ f) = (h ◦ g) ◦ f ;

5. for each object A, an identity arrow idA : A→ A satisfying the identity law: for any f : A→
B, g : B → A,

f ◦ idA = f and idA ◦g = g.

Definition 13. Given two categories C,D a functor F : C → D is a map taking each C-object A
to a D-object F (A) and each C-arrow f : A→ B to a D-arrow F (f) : F (A)→ F (B), such that

1. F (g ◦ f) = F (g) ◦ F (f), whenever g ◦ f is well-defined;

2. F (idA) = idF (A) for each object A ∈ C.

The categories we are interested in possess an additional important structure: as well as sequential
composition, as defined in Definition 12, they also possess a notion of parallel composition. This
is formally captured in the notion of a monoidal category.

Definition 14. A monoidal category is a category C equipped with the following:

1. C is equipped with a functor ⊗ : C × C → C;

2. C possesses a distinguished object 1 ∈ C;

3. there are isomorphisms αA,B,C : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C) for all objects A, B, C which
are natural in A, B, C;

4. for all objects A ∈ C there are isomorphisms, the left- and right-unitors, λA : 1⊗A→ A and
ρA : A⊗ 1→ A, both natural in A;
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5. these morphisms are subject to the pentagon equation:

((A⊗B)⊗ C)⊗D

(A⊗ (B ⊗ C))⊗D (A⊗B)⊗ (C ⊗D)

A⊗ ((B ⊗ C)⊗D) A⊗ (B ⊗ (C ⊗D))

αA,B,C⊗idD αA⊗B,C,D

αA,B⊗C,D αA,B,C⊗D

idA⊗αB,C,D

6. and the triangle equation:

(A⊗ 1)⊗B A⊗ (1⊗B)

A⊗B

αA,1,B

ρA⊗1B

1A⊗λB

;

7. the category is furthermore a symmetric monoidal category if it is equipped with natural
isomorphisms sA,B : A⊗B → B ⊗A such that

sB,A ◦ sA,B = idA⊗B

and the hexagon identity is satisfied:

(A⊗B)⊗ C A⊗ (B ⊗ C) (B ⊗ C)⊗A

(B ⊗A)⊗ C B ⊗ (A⊗ C) B ⊗ (C ⊗A)

sA,B⊗idC

αA,B,C sA,B⊗C

αB,C,A

αB,A,C idB ⊗sA,C

.

Our key contribution will be describing how the BFFG algorithm preserves both sequential and
parallel composition. This will be formalised by proving that the BFFG algorithm gives rise to a
functor, which in some cases is lax monoidal.

Definition 15. Given two monoidal categories (C,⊗C , 1C , αC , λC , ρC) and (D,⊗D, 1D, αD, λD, ρD),
a lax monoidal functor is a functor F : C → D, together with

1. a morphism ϵ : 1D → F (1C);

2. for all objects A, B ∈ C, morphisms µA,B : F (A)⊗D F (B)→ F (A⊗C B), natural in A, B:

F (A)⊗D F (B) F (A⊗C B)

F (C)⊗D F (D) F (C ⊗C D)

µA,B

F (f)⊗DF (g) F (f⊗Cg)
µC,D

;

3. these satisfy associativity: for all objects X, Y, Z ∈ C, the following diagram commutes:

(F (A)⊗D F (B))⊗D F (C) F (A)⊗D (F (B)⊗D F (C))

F (A⊗C B)⊗D F (C) F (A)⊗D F (B ⊗C C)

F ((A⊗C B)⊗C C) F (A⊗C (B ⊗C C))

αD
F (A),F (B),F (C)

µA,B⊗id id⊗µB,C

µA⊗CB,C µA,B⊗CC

F (αC
A,B,C)
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4. and satisfy unitality: for each object A ∈ C, the following diagrams commute:

1D ⊗D F (A) F (1C)⊗D F (A)

F (A) F (1C ⊗A)

ϵ⊗id

λD
F (A)

µ1C ,A

F (λC
A)

and
F (A)⊗D 1D F (A)⊗D F (1C)

F (A) F (A⊗ 1C)

id⊗ϵ

ρD
F (A)

µA,1C

F (ρC
A)

.
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