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Markov random fields are known to be fully characterized by properties of their in-
formation diagrams, or I-diagrams. In particular, for Markov random fields, regions
in the I-diagram corresponding to disconnected vertex sets in the graph vanish. Re-
cently, I-diagrams have been generalized to F -diagrams, for a larger class of functions
F satisfying the chain rule beyond Shannon entropy, such as Kullback-Leibler diver-
gence and cross-entropy. In this work, we generalize the notion and characterization
of Markov random fields to this larger class of functions F and investigate preliminary
applications.

We define F -independences, F -mutual independences, and F -Markov random fields
and characterize them by their F -diagram. In the process, we also define F -dual total
correlation and prove that its vanishing is equivalent to F -mutual independence. We
then apply our results to information functions F that are applied to probability mass
functions. We show that if the probability distributions of a set of random variables
are Markov random fields for the same graph, then we formally recover the notion
of an F -Markov random field for that graph. We then study the Kullback-Leibler
diagrams on specific Markov chains, leading to a visual representation of the second
law of thermodynamics and a simple explicit derivation of the decomposition of the
evidence lower bound for diffusion models.
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1 Introduction
Entropy, mutual information, and higher-order information terms between several random vari-
ables can be visualized in information diagrams, also known as I-diagrams. This is known as
Hu’s Theorem [Hu, 1962, Yeung, 1991]. These diagrams become especially interesting when the
visualized variables obey conditional independences, which then implies that some regions in these
diagrams vanish. A series of papers [Kawabata and Yeung, 1992, Yeung et al., 2002, 2019] exploited
this idea to study Markov random fields, which according to the global Markov property satisfy
a set of conditional independences determined by an underlying graph [Hammersley and Clifford,
1971, Preston, 1976, Spitzer, 1971]. This then implies that all intersections in the I-diagram cor-
responding to disconnected vertex sets in the graph vanish, a result we visualize for simple graphs
in Figure 3.

Recently, Hu’s theorem has been generalized from entropy I to more general functions F on
commutative, idempotent monoids satisfying a chain rule [Lang et al., 2025]. Examples for F are
Kullback-Leibler divergence, cross-entropy, Tsallis entropy, and even Kolmogorov complexity. The
resulting F -diagrams show structurally the same relations as I-diagrams, and thus allow higher-
order F -terms to be visualized and reasoned about in a unified way — see Figure 2.

Functions such as the cross-entropy or Kullback-Leibler divergence are important in the context
of statistical modeling of multivariate data, in which one aims to find a probabilistic model able
to reproduce the information structure of the data. For instance, the F -diagram for cross-entropy
allows us to visualize how the cross-entropy between a model probability distribution and the
data distribution is decomposed into higher-order terms. Cocco and Monasson [2012] used these
higher-order terms (which they called cluster (cross)-entropies) in their adaptive cluster expansion
approach to statistical modeling of data with Ising models. Kullback-Leibler divergence has been
studied in the context of decompositions of joint entropy and information [Amari, 2001] and is
ubiquitous in machine learning. In other contexts, for example Kolmogorov complexity, the precise
meaning of the higher-order terms is not yet clear.
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In this work, we take the generalization of I-diagrams to F -diagrams as a motivation to gen-
eralize the results from Kawabata and Yeung [1992], Yeung et al. [2002, 2019]. We define F -
independences by vanishing F -terms of degree two, similar to how the probabilistic independence
of random variables is characterized by vanishing mutual information. We then define F -mutual
independences and F -dual total correlation. We show that an F -mutual independence is charac-
terized by a vanishing F -dual total correlation. We then define F -Markov random fields by the
global Markov property and fully characterize them in terms of the F -diagram: The global Markov
property holds if and only if regions corresponding to disconnected vertex sets in the graph vanish.

We then apply this theory to the case where F is a function like entropy, Kullback-Leibler
divergence, or cross-entropy that is applied to probability mass functions. We show that when
applying F to sets of probability distributions that form a Markov random field with respect to the
same graph, then the underlying random variables form an F -Markov random field. In particular,
when applying our F -diagram characterization of F -Markov random fields, this implies that regions
in the F -diagram corresponding to disconnected vertex sets disappear. We then apply this result
to the case of two joint distributions that form a Markov chain with equal transition probabilities
from one time-step to the next, and the specific case that F is Kullback-Leibler divergence. This
leads to a degeneracy of the Kullback-Leibler diagram in which the Kullback-Leibler divergence
progressively shrinks “over time” — a diagrammatic visualization of a weak version of the second
law of thermodynamics. Finally, we study the loss function of diffusion models — the evidence
lower bound — and show how its explicit decomposition can be derived using a Kullback-Leibler
diagram over a Markov chain.

Notation
For i, k ∈ N, we set [i : k] := {i, i + 1, . . . , k} if i ≤ k and [i : k] = ∅, else. As a special case,
we set [k] := [1 : k]. If I is a set and i ∈ I, we often write I \ i for I \ {i}. For a set Σ, we
denote by 2Σ its power set, i.e., the set of its subsets. If Wi are sets indexed with i ∈ I, then
WI denotes

⋃
i∈I Wi. If Xi, i ∈ I are elements of a commutative monoid and A ⊆ I, then we

set XA :=
∏

a∈A Xa. If X1, . . . , Xn are elements of a separoid that form a Markov chain, then
we will write X1 → X2 → · · · → Xn. We will denote the trivial measurable space by ∗, which
contains precisely one element denoted ∗ ∈ ∗. The Shannon entropy of a random variable X is
denoted by I(X) or I1(X), deviating from the typical notation of H(X); The aim is to emphasize
more strongly how entropy is embedded in the collection of (higher-order) Shannon information
functions like mutual information and interaction information.

2 Background and Outline
In this section, we introduce important background in multivariate information theory and its
abstract generalizations, precisely state Yeung’s characterization of Markov random fields in terms
of I-diagrams and our generalizations of those results, and outline the rest of the paper. The aim
is for this section to be self-contained and to provide sufficient context to appreciate the general
results that then follow.

In Section 2.1, we introduce Shannon entropy, mutual information, and interaction information
in the abstract setting from Lang et al. [2025], highlighting the structure of monoids acting on
abelian groups. In Section 2.2, we then state the generalized Hu theorem from Lang et al. [2025]
and explain how it gives rise to the well-known I-diagrams from Yeung [1991] when specializing
to the case of Shannon entropy. In Section 2.3 we introduce some graph terminology necessary
in the theory of Markov random fields. In Section 2.4, we introduce Markov random fields in
separoids and show Yeung’s characterization of those in the probabilistic context in terms of the
I-diagram [Yeung et al., 2002]. In Section 2.5, we motivate and state our generalization of this
characterization to F -diagrams, making use of the generalized Hu theorem from Lang et al. [2025],
and then outline the rest of the work, which will contain the proofs and applications of this result,
in Section 2.6.
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2.1 Entropy, Mutual Information, and Interaction Information
In this section, we introduce the well-known notions of entropy, mutual information, and interaction
information of higher degrees in the precise formal framework from Lang et al. [2025] that reveals
the monoid structure that we make use of in our work. Let Ω be a countable discrete measurable
space. We do not fix a probability mass function on Ω, which is useful for obtaining a monoid action
later in Definition 2.3. When we speak of random variables, then we mean functions X : Ω → EX

with a finite and discrete value space EX .
We write the space of probability mass functions P : Ω → [0, 1] as ∆(Ω). We equip ∆(Ω) with

the smallest σ-algebra that makes all evaluation maps

evx : ∆(Ω) → R, P 7→ evx(P ) := P (x)

for all elements x ∈ Ω measurable. In the finite case, this equals the Borel σ-algebra under the
embedding ∆(Ω) ⊆ RΩ ∼= R|Ω|. This measurable structure is standard in the context of the Giry
monad [Giry, 1982]. Measurability is not strictly necessary in our discrete setting, but would
become important if one were to generalize our results to a non-discrete domain.

For a probability mass function P ∈ ∆(Ω), we write the distributional law with respect to a
random variable X : Ω → EX as

PX ∈ ∆(EX), PX(x) := P
(
X−1(x)

)
=

∑
ω∈X−1(x)

P (ω).

This is also a probability mass function. Furthermore, for x ∈ EX with PX(x) ̸= 0, we define the
conditional probability mass function P |X=x ∈ ∆(Ω) by

P |X=x ∈ ∆(Ω), P |X=x(ω) :=
P
(
{ω} ∩ X−1(x)

)
PX(x) .

If X : Ω → EX and Y : Ω → EY are two random variables, then their joint variable is given by

XY : Ω → EX × EY , ω 7→
(
X(ω), Y (ω)

)
.

If the random variable is clear from the context, we write P (x) for PX(x). Similarly, we may write
P (x | y) for

(
P |Y =y

)
X

(x) and P (x, y) for PXY (x, y).
We want to impose the structure of a monoid on collections of random variables. Recall that a

commutative, idempotent monoid M = (M, ·, 1) consists of a set M together with a multiplication
rule · : M × M → M that is associative, commutative, has 1 as its neutral element, and is
idempotent: X · X = X for all X ∈ M . For X, Y ∈ M , write X ≾ Y if X · Y = Y . With this
definition, (M,≾) becomes a join-semilattice, which is an equivalent description of a commutative,
idempotent monoid. Intuitively, it is often useful to think of ≾ as the inclusion of sets, and of the
product of elements in M as a union, which will be made precise in Theorem 2.8. Join-semilattices
were used in the development of the theory of separoids in Dawid [2001], but we will not make
use of that viewpoint and will throughout use the structure of monoids. We also note that we do
not have a meet operator in our framework, neither in the context of random variables, nor in the
generalization to monoids.

To impose the structure of a monoid on collections of random variables, we need to identify
equivalent random variables. For two random variables X, Y on Ω, we define X ≾ Y if X is a
deterministic function of Y , meaning there exists a function fXY : EY → EX such that X =
fXY ◦ Y , i.e., X(ω) = fXY (Y (ω)) for all ω ∈ Ω. We write X ∼ Y if X ≾ Y and Y ≾ X, which is
an equivalence relation.

In the following, we will then write X for both the random variable and its equivalence class,
and we denote by ∗ the trivial measurable space that contains precisely one element ∗ ∈ ∗. One
obtains the following:

Proposition 2.1 (The Monoid of Random Variables). Equivalence classes of random variables,
together with the multiplication given by the join operation X · Y := XY and the neutral element
given by 1 : Ω → ∗, form a commutative, idempotent monoid.

Compositionality, Volume 8, Issue 1 (2026) 4
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Proof. For a proof in this precise framework, see Lang et al. [2025, Section 2.3]. In the framework
of lattices, this was formulated by [Dawid, 2001]. We note that the collection of equivalence classes
of random variables on Ω is indeed a set instead of a proper class, as an equivalence class [X] can
be identified with the partition

{
X−1(x) | x ∈ EX

}
on Ω.

Clearly, any subset of equivalence classes of random variables — if it is closed under multipli-
cation and contains a constant random variable — then also forms a commutative, idempotent
monoid. It is useful to work with monoids of random variables since they have useful structure,
and since the information functions we are concerned with do not depend on the representative of
an equivalence class. Recall that an abelian group G = (G, +, 0) consists of a set G together with
an addition rule + : G × G → G that is associative and commutative, has 0 as its neutral element,
and has “negative” elements: g + (−g) = (−g) + g = 0. Now, define Meas(∆(Ω),R) as the abelian
group of measurable functions from ∆(Ω) to R, where we define (F + F ′)(P ) := F (P ) + F ′(P ).

Definition 2.2 (Shannon Entropy). Let ln : (0, ∞) → R be the natural logarithm and X : Ω → EX

be a random variable. The Shannon entropy of X with respect to P ∈ ∆(Ω) is given by

I(X; P ) := I(PX) = −
∑

x∈EX

PX(x) ln PX(x) ∈ R.

The entropy function or Shannon entropy of X is the measurable function

I(X) ∈ Meas(∆(Ω),R),
[
I(X)

]
(P ) := I(X; P )

defined on probability mass functions. This function does not depend on the representative of the
equivalence class X.

Definition 2.3 (Averaged Conditioning). Let F ∈ Meas(∆(Ω),R). For a random variable X :
Ω → EX , define the averaged conditioning of F by X as

(X.F )(P ) :=
∑

x∈EX

PX(x)F (P |X=x). (1)

Then X.F ∈ Meas(∆(Ω),R). This definition does not depend on the representative of the equiva-
lence class of X.

Let M be a monoid and G an abelian group. Then an additive monoid action (or monoid
action for short) is a function . : M × G → G for which 1 ∈ M acts trivially (1.g = g), which is
associative (X.(Y.g) = (X · Y ).g), and which is additive (X.(g + h) = X.g + X.h) — which also
implies X.0 = 0. Additive monoid actions generalize the conditioning operation of information
functions on random variables, as the following proposition, whose proof we leave to the readers,
shows:

Proposition 2.4. Let M be a monoid of equivalence classes of random variables and G =
Meas(∆(Ω),R). The averaged conditioning . : M × G → G from Definition 2.3 is a monoid action.

This viewpoint of the averaged conditioning was perhaps first studied in the context of informa-
tion cohomology [Baudot and Bennequin, 2015, Baudot et al., 2019, Vigneaux, 2019]. The proof
of the following well-known chain rule of Shannon entropy is also left to the reader to prove:

Proposition 2.5 (Chain Rule). The following chain rule

I(XY ) = I(X) + X.I(Y )

holds for arbitrary random variables X : Ω → EX and Y : Ω → EY .

We remark that X.I(Y ) is typically written as I(Y | X) in other literature on information
theory. In our context, the notation X.I(Y ) is more natural, as it emphasizes that it comes from a
monoid action. For the following definition, set I1 := I, which then embeds Shannon entropy into
the set of higher-order information functions:

Compositionality, Volume 8, Issue 1 (2026) 5
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Definition 2.6 (Mutual Information, Interaction Information). Let q ∈ N and assume that Iq−1
is already defined. Assume also that Y1, . . . , Yq are q random variables on Ω. Then we define
Iq(Y1; . . . ; Yq) ∈ Meas(∆(Ω),R), the interaction information of degree q, as the function

Iq(Y1; . . . ; Yq) := Iq−1(Y1; . . . ; Yq−1) − Yq.Iq−1(Y1; . . . ; Yq−1).

I2 is also called mutual information. This definition does not depend on the representatives of
the equivalence classes of Y1, . . . , Yq. For a specific probability mass function P ∈ ∆(Ω), we set
Iq(Y1; . . . ; Yq; P ) :=

[
Iq(Y1; . . . ; Yq)

]
(P ) ∈ R, and, when there is another random variable X on Ω

on which we condition, X.Iq(Y1; . . . ; Yq; P ) :=
[
X.Iq(Y1; . . . Yq)

]
(P ).

We now summarize the abstract properties of interaction information Iq. Let M be a commu-
tative, idempotent monoid of (equivalence classes of) random variables as in Proposition 2.1. By
abuse of notation, we do not distinguish between random variables and their equivalence classes,
i.e., we write Y instead of [Y ]. Denote by G := Meas

(
∆(Ω),R

)
the abelian group of measurable

functions from ∆(Ω) to R. Averaged conditioning . : M × G → G is a well-defined monoid action.
We can view Iq as a function Iq : Mq → G that is defined on tuples of equivalence classes of

random variables. By Proposition 2.5, entropy I1 satisfies the equation

I1(XY ) = I1(X) + X.I1(Y )

for all X, Y ∈ M , where X.I1(Y ) is the result of the action of X ∈ M on I1(Y ) ∈ G via averaged
conditioning. Finally, by Definition 2.6, for all q ≥ 2 and all Y1, . . . , Yq ∈ M , one has

Iq(Y1; . . . ; Yq) = Iq−1(Y1; . . . ; Yq−1) − Yq.Iq−1(Y1; . . . ; Yq−1).

2.2 The Generalized Hu Theorem and F -Diagrams
We now work towards a presentation of the generalized Hu theorem from Lang et al. [2025], which
generalizes Hu [1962] and the I-diagrams from Yeung [1991]. These diagrams show in one overview
the (higher-order) information functions of a set of variables and how they additively compose
each other. Fix an abelian group G (generalizing Meas(∆(Ω),R) from above) and a commutative,
idempotent monoid M (generalizing a monoid of equivalence classes of random variables). We also
fix an additive monoid action . : M × G → G, generalizing the averaged conditioning. For a set Σ,
denote by 2Σ its power set, i.e., the set of its subsets.

Definition 2.7 ((G-Valued) Measure). Let G be an abelian group and Σ a set.1 A G-valued
measure is a function µ : 2Σ → G with the property

µ(A1 ∪ A2) = µ(A1) + µ(A2)

for all disjoint A1, A2 ⊆ Σ. One automatically obtains µ(∅) = 0, and µ turns arbitrary finite
disjoint unions into the corresponding finite sums.

We now fix elements X1, . . . , Xn ∈ M , n ≥ 0. These are the elements for which we want
to obtain an F -diagram later on. Since M is commutative, every product of these elements (of
arbitrary order and multiplicity) can be reordered such that all Xi with the same index i are next
to each other. Then, since M is idempotent, we can reduce the product further until each Xi

appears maximally once. This means that general products of the Xi are of the form

XI :=
∏
i∈I

Xi := Xi1Xi2 · · · Xiq (2)

for some possibly empty subset I = {i1 < i2 < · · · < iq} ⊆ [n] = {1, . . . , n}. Furthermore, we have
XIXJ := XI · XJ = XI∪J .

1We only make use of the case Σ = X̃ as defined below in Equation (3).

Compositionality, Volume 8, Issue 1 (2026) 6
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Figure 1: A depiction of X̃ = X̃(n) for n = 3 and n = 4, which will later be used to represent all the
(higher-order) information functions.

Definition of X̃ We set
X̃ := X̃(n) := 2[n] \ {∅}.

For ∅ ̸= I ⊆ [n], we will write pI := I. We can then also write

X̃ =
{

pI

∣∣ ∅ ̸= I ⊆ [n]
}

. (3)

For i ∈ [n], we denote by X̃i :=
{

pI ∈ X̃ | i ∈ I
}

a set which we can imagine to be depicted
by a disk corresponding to the element Xi. We visualize this in Figure 1. This is actually the
simplest construction that leads to the X̃i being in general position, meaning that for each choice
of a nonempty set of disks indexed by i ∈ I, there is a single point inside all of them and not in
any of the others: ⋂

i∈I

X̃i \
⋃

j∈[n]\I

X̃j = {pI}. (4)

Consequently, we call pI also the atom corresponding to I, as it is an atomic part of a diagram of
intersecting disks.

With X̃I :=
⋃

i∈I X̃i we denote the union of the disks corresponding to the joint variable XI .
Clearly, we have X̃ = X̃[n]. In the following, we will also be flexible with our notation. For
example, if we have a commutative, idempotent monoid M and fixed elements X, Y, Z, W ∈ M ,
then we can also define

X̃Y ZW = X̃ ∪ Ỹ ∪ Z̃ ∪ W̃ .

The atom pXZ would then be characterized by

{pXZ} =
(

X̃ ∩ Z̃
)

\
(

Ỹ ∪ W̃
)

.

The measure constructed in the proof of the following theorem is essentially constructed using
a Möbius inversion formula:

Theorem 2.8 (Generalized Hu Theorem, Lang et al. [2025]). Let M be a commutative, idempotent
monoid, G an abelian group, and . : M × G → G an additive monoid action.

Assume F1 : M → G is a function that satisfies the following chain rule: for all X, Y ∈ M ,
one has

F1(XY ) = F1(X) + X.F1(Y ). (5)

Construct Fq : Mq → G for q ≥ 2 inductively by

Fq(Y1; . . . ; Yq) := Fq−1(Y1; . . . ; Yq−1) − Yq.Fq−1(Y1; . . . ; Yq−1) (6)

Compositionality, Volume 8, Issue 1 (2026) 7
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Figure 2: A depiction of the I-diagram and the F -diagram from the (generalized) Hu theorem. On
the left, it shows the interplay of (conditional) Shannon entropy, mutual information, and interaction
information for three random variables X, Y, Z. On the right, X, Y and Z are elements of a commutative,
idempotent monoid, generalizing the collection of equivalence classes of random variables together with
their joint operation, and the higher-order terms are all derived from a function F satisfying the chain rule
F (XY ) = F (X) + X.F (Y ).

for all Y1, . . . , Yq ∈ M .
Fix elements X1, . . . , Xn ∈ M , n ≥ 0. Set X̃ = X̃(n) as in Equation (3). Then there exists

a G-valued measure F̃ : 2X̃ → G such that for all q ≥ 1 and J, L1, . . . , Lq ⊆ [n], the following
identity holds:

XJ .Fq

(
XL1 ; . . . ; XLq

)
= F̃

(
q⋂

k=1
X̃Lk

\ X̃J

)
. (7)

Note that in the preceding theorem, the G-valued measure F̃ depends on the fixed elements
X1, . . . , Xn. For ease of notation, we write every Fq simply as F . Thus, in an expression of the
form F (X; Y ; Z), F is necessarily F3. Since Shannon entropy I and its higher order generalizations
satisfy all the assumptions from Theorem 2.8, as explained in Section 2.1, we recover the I-diagrams
from Yeung [1991] as a special case. We refer back to Figure 2 for a depiction of the I-diagram
or F -diagram that results from the (generalized) Hu theorem. For figures that explain how to use
Hu’s theorem to visualize additive identities involving F , we refer to Lang et al. [2025]. As an
example, we note that Figure 2 shows that

I(X) = (Y Z).I(X) + Y.I(X; Z) + Z.I(X; Y ) + I(X; Y ; Z),

as we can see by observing how the disk corresponding to I(X) decomposes. Formally, such
identities follow from the fact that F̃ (or Ĩ in the special case of Shannon’s information functions)
is a measure, which means it is additive over disjoint unions in X̃.

2.3 Graph Terminology
Before introducing Markov random fields, we need to discuss some necessary graph terminology.

Definition 2.9 (Graph). A graph is a tuple G = (V, E), where

• V is a finite set, called the set of vertices;

• E ⊆
{

{i, j} ⊆ V | i ̸= j
}

, which we call the set of edges.

Let G = (V, E) be a graph. Instead of {i, j} ∈ E , we also write i−j, or i−j ∈ E . Note that
edges are non-oriented, as indicated by them being sets instead of tuples. Furthermore, we have
i ̸= j for every edge i−j, which means that there are no loops (i.e., edges from a vertex to itself)
in the graph. However, there can be cycles, i.e., walks from a vertex to itself passing through other
vertices.
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For a subset U ⊆ V, we can define G\U as the graph obtained from G by removing all the
vertices in U and all the edges that have at least one endpoint in U . Formally, one can write

G\U := (V \ U , E\U ), where E\U :=
{

{i, j} ∈ E | i, j ∈ V \ U
}

.

A walk in G from i to j is a sequence of edges i−i1, i1−i2, . . . , in−j in E . We write such a
walk as i−i1− . . .−in−j. The empty sequence is considered to be a walk from a vertex i to
itself, and walks are allowed to have the same vertices twice. A vertex set U ⊆ V is called connected
in G if for all i ̸= j ∈ U there is a walk in G from i to j.2 A set U ⊆ V is called a component if it
is a maximal connected set, that is:

• U is connected in G;

• if U ⊆ W and W is connected in G, then U = W.

It is easy to see that the set of components of G forms a partition of V: formally, the components
are the equivalence classes under the equivalence relation ∼ on V that is defined by i ∼ j if there
is a walk from i to j in G. For a vertex set U ⊆ V, we define s (U) as the number of components in
the graph G\U . In general, we denote by V1(U), . . . , Vs(U)(U) these components. We call U a cutset
if s (U) > 1. Note that cutsets do not necessarily need to “cut” anything: if G already contains
several components, then U = ∅ is a cutset. Finally, for disjoint subsets A, B, C ⊆ V, we say that
C separates A from B if every walk from any vertex in A to any vertex in B passes through some
vertex in C. Note: if A ̸= ∅ ̸= B in this definition, then C is automatically a cutset.

We now define the notions of connected and disconnected atoms with respect to a graph G,
which builds a bridge between the graph and information diagrams. They are identical to the
notions of type I and type II atoms defined in Yeung et al. [2002].

Definition 2.10 (Connected and Disconnected Atoms). Let n ∈ N and G a graph with vertex set
V = [n], and let X̃ = X̃(n) be defined as in the previous subsection. For W ⊆ [n], the corresponding
atom pW ∈ X̃ is called disconnected with respect to G if V \ W = [n] \ W is a cutset, i.e., if W is
disconnected as a vertex set in G\

(
[n]\W

)
. Otherwise, pW is called connected (with respect to G).

2.4 Yeung’s Characterization of Markov Random Fields via I-diagrams
Markov random fields encode independence relations of random variables that correspond to sep-
arations in a corresponding graph. As such, we first need to define:

Definition 2.11 (Probabilistic Conditional Independence). Let X, Y, Z be random variables on Ω
and P ∈ ∆(Ω) a probability mass function. Then X and Y are said to be P -independent given Z,
written

X ⊥⊥
P

Y | Z,

if for all (x, y, z) ∈ EX × EY × EZ , the joint distribution decomposes as follows:3

P (x, y, z) = P (x | z) · P (y, z). (8)

Equivalently, for all z ∈ EZ with P (z) ̸= 0 one has

P (x, y | z) = P (x | z) · P (y | z).

Equivalently, for all y, z ∈ EY × EZ with P (y, z) ̸= 0 one has

P (x | y, z) = P (x | z).

2Note that in Figure 3, we will also have a notion of connectedness. That notion, however, is about connectedness

in G\
(

V\U
)

, see Definition 2.10.
3If P (z) = 0, then P (x | z) is not defined. But then P (x, y, z) = 0 and P (y, z) = 0, so we can simply define the

right-hand-side of the equation as zero.
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If X ′ ∼ X, Y ′ ∼ Y , Z ′ ∼ Z, and P ∈ ∆(Ω), then

X ⊥⊥
P

Y | Z ⇐⇒ X ′ ⊥⊥
P

Y ′ | Z ′,

see, for example, Dawid [2001], Section 6.2. Thus, also in this context, it is suitable to identify
a random variable with its equivalence class. This definition gives rise to a separoid, which is a
useful abstract structure that applies to all settings that we study in this paper. We use the slightly
adapted but equivalent version of the separoid axioms from Forré [2021], Appendix A.4:

Definition 2.12 (Separoid, Separoid Axioms). Let M be a commutative, idempotent monoid. Let
⊥⊥ be a relation on M2 × M , written for X, Y, Z ∈ M by

X ⊥⊥ Y | Z.

The tuple (M, ⊥⊥) is called a separoid if ⊥⊥ satisfies the following separoid axioms for all X, Y, Z, W ∈
M :

(S1) symmetry : X ⊥⊥ Y | Z =⇒ Y ⊥⊥ X | Z;
(S2) redundancy : W ≾ Z =⇒ W ⊥⊥ Y | Z;
(S3) decomposition : WX ⊥⊥ Y | Z =⇒ X ⊥⊥ Y | Z;
(S4) weak union : WX ⊥⊥ Y | Z =⇒ W ⊥⊥ Y | XZ;
(S5) contraction :

(
W ⊥⊥ Y | XZ and X ⊥⊥ Y | Z

)
=⇒ WX ⊥⊥ Y | Z.

For a relationship to the more familiar notion of a (semi-)graphoid, see [Dawid, 2001, Section
3.2]. In this paper, if a relation X ⊥⊥ Y | Z holds, then we also say “X and Y are independent
given Z”, or “X and Y are independent conditioned on Z”, and often append “with respect to ⊥⊥”
to clarify the independence relation.

Note that properties (S2)–(S5) have obvious “right-handed versions” as well due to symmetry
(S1). When we refer to one of the properties (S2)–(S5), then we mean one of the two versions
depending on the context. We obtain:

Proposition 2.13. Let M be a monoid of random variables as in Proposition 2.1 and P ∈ ∆(Ω)
a probability mass function. Then (M, ⊥⊥P ) is a separoid.

Proof. This is well-known and appeared originally in this formulation in Dawid [2001]. It also
follows from the generalization given in Forré [2021], Theorem 3.11.

We are now ready to define Markov random fields via the global Markov property, in general
separoids and also in the specific probabilistic case:

Definition 2.14 (Global Markov Property, Markov Random Field). Let G = (V, E) be a graph
with V = [n] and (M, ⊥⊥) a separoid. A sequence of elements X1, . . . , Xn ∈ M is called a Markov
random field with respect to ⊥⊥ and G if it satisfies the global Markov property, that is: for all
disjoint A, B, C ⊆ V such that C separates A from B, we have

XA ⊥⊥ XB | XC .4

Finally, in the probabilistic context, if random variables X1, . . . , Xn on Ω form a Markov ran-
dom field with respect to G and ⊥⊥P , then we say that X1, . . . , Xn form a P -Markov random field
with respect to G.

4We could have also defined the separation relation A ⊥ B | C on G, defined for all vertex sets A, B, C in G, and
not only those that are disjoint as in our terminology. This relation would satisfy the separoid axioms. The global
Markov property is then equivalent to the statement that A ⊥ B | C implies XA ⊥⊥ XB | XC . This, in turn, can be
phrased as the statement that A 7→ XA constitutes a separoid homomorphism as defined in Dawid [2001, Definition
1.3].
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Figure 3: We show the effect of the graph structure of simple Markov random fields on the corresponding
I-diagrams for a fixed probability mass function P . The I-diagram visualizes the relationships of the
entropy, mutual information, and interaction information of the variables. The figure is based on Yeung’s
result Theorem 2.15, which shows that a set of random variables forms a Markov random field corresponding
to a graph if and only if all atoms in the I-diagram corresponding to disconnected sets of vertices in the
graph disappear.
Concretely, to a set of vertices J , the corresponding atom in the I-diagram is the intersection of all disks
with indices j ∈ J , without any element in the union of all the other disks. For the lower left panel, the
three sets of vertices {1, 2}, {2, 3}, and {1, 2, 3} are disconnected, giving rise to three disappearing atoms
in the I-diagram. Consequently, I(X2) can be drawn to not intersect with the other disks. However, the
other four sets of vertices {1}, {2}, {3}, {1, 3} are clearly connected, which means that we cannot infer their
corresponding atoms to vanish. Similar reasoning applies to the other three panels.

The definition of P -Markov random fields is stated in terms of conditional P -independences.
Now, one crucial observation is the well-known fact that such independences can be characterized
using conditional mutual information:

X ⊥⊥
P

Y | Z ⇐⇒ Z.I(X; Y ; P ) = 0. (9)

Yeung’s insight was that this should make it possible to characterize P -Markov random fields
by properties of their corresponding I-diagrams. Let M be the monoid of (equivalence classes
of) random variables on Ω, and I : M → Meas

(
∆(Ω),R

)
the Shannon entropy function, as

defined in Definition 2.2. Let X1, . . . , Xn be fixed random variables on the sample space Ω. Let
Ĩ : 2X̃ → Meas

(
∆(Ω),R

)
be the measure resulting from Hu’s Theorem 2.8. For any probability

mass function P ∈ ∆(Ω), we then obtain the “slice”

ĨP : 2X̃ → R, A 7→
[
Ĩ(A)

]
(P ). (10)

This is a signed measure with values in the real numbers instead of functions, and it visualizes
the interplay of the (higher-order) Shannon information functions for the specific probability mass
function P .

This can be imagined as a “slice” of the original I-diagram: e.g., in the special case that
Ω = {0, 1}, the mass functions P ∈ ∆(Ω) are essentially numbers in [0, 1]. For each P ∈ [0, 1], we
then get an information diagram corresponding to ĨP . If we stack these “on top of each other”,
the full stack is the I-diagram of Ĩ, with the “slices” given by the diagrams for ĨP . Yeung et al.
[2002] then showed:

Theorem 2.15 (Characterization of P -Markov Random Fields). Let I : M → Meas
(
∆(Ω),R

)
be the Shannon entropy function. Let X1, . . . , Xn be random variables on Ω and P ∈ ∆(Ω) a
probability mass function, giving rise to ĨP : 2X̃ → R by Equation (10). Let G be a graph with
vertex set [n]. Then the following two statements are equivalent:

• X1, . . . , Xn form a P -Markov random field with respect to G;

• ĨP (pW) = 0 for all atoms pW that are disconnected with respect to G.
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Figure 4: If random variables X1, . . . , Xn form a P -Markov chain, then many atoms in the I-diagram
with respect to P disappear by Corollary 2.17. The only atoms that remain are those corresponding to
“intervals” in [n]. This leads to a fan-like structure of the I-diagram with respect to P , as visualized here
for n = 3 and n = 5.

We visualize this result in Figure 3, which shows the intuitive relation between the graph of
a Markov random field and vanishing regions of atoms that are “disconnected” according to the
graph. One can then specialize the theorem to Markov chains:

Definition 2.16 (Markov Chain). Let n ≥ 0 and (M, ⊥⊥) a separoid. A sequence of elements
X1, . . . , Xn in M is called a Markov chain (with respect to ⊥⊥) if for all 2 ≤ i ≤ n, the following
independence holds:

Xi ⊥⊥ X[i−2] | Xi−1.

We also write X1 → X2 → · · · → Xn to indicate that the sequence X1, . . . , Xn forms a Markov
chain.

Finally, in the probabilistic context, a collection of random variables X1, . . . , Xn on Ω are said
to form a P -Markov chain if they form a Markov chain with respect to ⊥⊥P .

For n = 0, 1 or 2, all sequences form a Markov chain. The first interesting case is n = 3. The
only non-vacuous condition for a Markov chain is then X3 ⊥⊥ X1 | X2. The following corollary of
Theorem 2.15 was already shown in Kawabata and Yeung [1992]:

Corollary 2.17. With all notation as above, the following two statements are equivalent:

• X1, . . . , Xn form a P -Markov chain.

• ĨP (pW) = 0 for all W ⊆ [n] that do not only contain consecutive numbers.

We visualize this result in Figure 4. As an example, this structure of the I-diagram can be
used to prove the well-known data processing inequality:

Corollary 2.18 (Data Processing Inequality). Let X1 → X2 → X3 be a P -Markov chain of
random variables on Ω. Then I(X1; X3; P ) ≤ I(X1; X2; P ).

Proof. Using Hu’s theorem, Theorem 2.8, Equation (10), and the Venn diagram of the Markov
chain from Figure 4, we obtain:

I(X1; X2; P ) = ĨP (X̃1 ∩ X̃2)
= ĨP (X̃1 ∩ X̃3) + ĨP (X̃1 ∩ X̃2 \ X̃3)
= I(X1; X3; P ) + X3.I(X1; X2; P )
≥ I(X1; X3; P ).

In the last step, we used the well-known property of conditional mutual information to be non-
negative.
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2.5 An Outline of our Generalizations of Yeung’s Results
We now explain how we aim to generalize Yeung’s results on the I-diagram characterization of
Markov random fields. The motivation is that we would like to study implications of Markov ran-
dom field structures on more general information diagrams. For example, assume that X1, . . . , Xn

are random variables on Ω that form a Markov random field with respect to a graph G and two
different probability mass functions P and Q. Can we then say anything about how the Kullback-
Leibler divergence D(X1 · · · Xn; P∥Q) of P and Q over the whole joint variable X1 · · · Xn distributes
into components of different variables in this structure? Such questions are commonplace for ex-
ample in machine learning [Bishop, 2007], where it is sometimes assumed that both the model-
and data distribution follow a specific graphical form, and the loss function takes the form of a
Kullback-Leibler divergence (or, equivalently up to a constant, cross-entropy) between the two. We
will demonstrate this type of application by showing how our theory allows to find a conceptually
simple derivation of a decomposition of the loss function of diffusion models in Section 5.5.

In this whole subsection, let M be a commutative, idempotent monoid acting on an abelian
group G, and F : M → G a function satisfying the chain rule, Equation (5). To generalize Yeung’s
characterization, we use the setting of F -diagrams as in Hu’s theorem, Theorem 2.8. Motivated by
Equation (9), which relates P -independence to mutual information, we generalize P -independence
using F itself.

Definition 2.19 (F -independence). We define the relation ⊥⊥F on M2 × M by

X ⊥⊥
F

Y | Z :⇐⇒ Z.F (X; Y ) = 0.

If X ⊥⊥
F

Y | Z, then X is called F -independent from Y given Z.

The definition is analogous to the conditional independence relation defined for general submod-
ular information functions in Steudel et al. [2010]. In Proposition 4.8 we will show that (M, ⊥⊥F )
forms a separoid. We can then specialize the notion of a Markov random field and Markov chains
from general separoids to the separoid (M, ⊥⊥F ):

Terminology 2.20 (F -Markov Random Field, F -Markov Chain). Elements X1, . . . , Xn ∈ M are
said to form an F -Markov random field with respect to G if they form a Markov random field with
respect to ⊥⊥F and G, see Definition 2.14.

Similarly, X1, . . . , Xn are said to form an F -Markov chain if they form a Markov chain with
respect to ⊥⊥F , see Definition 2.16.

We will then prove the following theorem in Section 4.5:

Theorem 2.21 (F -Markov Random Field Characterization). Let M be a commutative, idempotent
monoid acting additively on an abelian group G, and F : M → G a function satisfying the chain
rule Equation (5). Additionally, fix elements X1, . . . , Xn giving rise to F̃ : 2X̃ → G, and a graph
G with vertex set [n]. Then the following statements are equivalent:

• X1, . . . , Xn form an F -Markov random field with respect to G;

• F̃ (pW) = 0 for all disconnected atoms pW ∈ X̃.

2.6 An Outline of the Coming Sections
In Section 3, we take a step back from independences induced by a function F by studying indepen-
dences in separoids, Definition 2.12, which generalizes both P -independence and F -independence.
We also define conditional mutual independences ⊥⊥n

i=1 Xi | Y and prove a simple characteri-
zation. We study Markov random fields in separoids and characterize them equivalently by the
cutset property; It states that if a vertex set U is a “cutset” that, when removed, cuts the rest
of the graph into components V1, . . . , Vq, then this leads to a corresponding mutual independence
⊥⊥q

i=1 XVi
| XU . Finally, we characterize Markov chains in separoids.

In Section 4, we first study important consequences of Hu’s theorem, Theorem 2.8, including
the statement that F -independence gives rise to a separoid, Proposition 4.8. One crucial property

Compositionality, Volume 8, Issue 1 (2026) 13



Leon Lang, Clélia de Mulatier, Rick Quax, Patrick Forré, Abstract Markov Random Fields

Figure 5: One key ingredient in the F -diagram characterization of F -Markov random fields is the charac-
terization of F -mutual independences, Theorem 4.15, here visualized for three elements X1, X2, X3 ∈ M .
The characterization shows that the mutual independence is equivalent to the vanishing of F -dual total
correlation DT CF (X1; X2; X3), which, by Hu’s theorem, Theorem 2.8, corresponds to the vanishing of a
region of four atoms in the F -diagram, visualized as gray. Subset determination, Theorem 4.1, then allows
to conclude that every individual atom in this region vanishes, as shown in the rightmost part of the figure.
The implication from right to left again follows from Hu’s theorem and the fact that F -diagrams visualize
a measure, meaning that larger regions are the sum of their atoms.

that is used in its proof is what we call subset determination. It states that when the value of a
region in an F -diagram is known, this fully determines the value of all subregions. In particular, if
a region in an F -diagram vanishes, then all subsets vanish as well. A precise formulation is given
in Theorem 4.1. Crucially, this replaces the repeated usage of inequalities in the proofs in [Yeung
et al., 2002], which we could not make use of in our general context. As an aside, in Appendix A,
we show that the basic idea of subset determination implies a characterization of all functions
F satisfying the chain rule, as long as M contains a “top element” ⊤ such that X · ⊤ = ⊤ for
all X ∈ M — which is the case for finitely generated M . The functions F then correspond to
elements in G that are annihilated by ⊤, by the simple mapping F 7→ F (⊤). We also provide a
cohomological interpretation of this result.

To avoid misunderstandings, we mention a subtlety with subset determination: it only ap-
plies to F -diagrams for functions F : M → G from a monoid to an abelian group on which the
monoid additively acts. Formally, for information functions such as entropy or Kullback-Leibler
divergence, it becomes invalid when fixing the underlying probability mass functions. For example,
the joint entropy I(XY ; P ) does not determine the mutual information I(X; Y ; P ) even though
the entire function I(XY ) determines the function I(X; Y ) via the monoid action. Nevertheless,
we will manage to apply our results to classical information functions in Section 5 and can deduce
Yeung’s results for fixed probability mass functions, including Theorem 2.15, as we demonstrate
in Appendix D.

In the later parts of Section 4, we generalize the results from Kawabata and Yeung [1992],
Yeung et al. [2002]. We start by a simple characterization of pairwise F -independences via the
F -diagram. Motivated by this special case, and generalizing the classical case [Han, 1978], we
define F -dual total correlation by

DTCF (X1; . . . ; Xn) := F (X[n]) −
n∑

i=1
X[n]\i.F (Xi),

where X[n] = X1 · · · Xn. In Theorem 4.15, we then characterize conditional mutual F -independences
F : ⊥⊥n

i=1 Xi | Y by the vanishing of (conditional) F -dual total correlation Y.DTCF (X1; . . . ; Xn).
The theorem also uses Hu’s theorem to characterize this by the vanishing of the corresponding
atomic regions. This crucially uses subset determination, Theorem 4.1, as visualized in Figure 5.
Notably, we also study F -total correlation TCF , generalizing classical total correlation [Watanabe,
1960], and find that it also provides a characterization of mutual F -independences, albeit only if
the abelian group G is torsion-free; The reason is that the total correlation double-counts atoms.
This is studied in Appendix B.

We then prove Theorem 2.21 in Section 4.5, which shows that F -Markov random fields (Termi-
nology 2.20) are fully characterized by the vanishing of atoms in the F -diagram that correspond
to disconnected vertex sets in the underlying graph. One ingredient of Theorem 2.21 will be Theo-
rem 4.21, the characterization of so-called full conditional mutual F -independences in terms of the
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F -diagram. Finally, in Appendix C, we explain which results from Yeung et al. [2019] generalize
to our setting, in particular by reproving Theorem 2.15 with our results.

In Section 5, we then come back to the case where the information functions are applied to
probability mass functions. In particular, M is then a monoid of equivalence classes of random
variables acting additively on the abelian group G = Meas(∆(Ω)r+1,R) of measurable functions
from tuples of r + 1 probability mass functions over a finite sample space Ω to the real numbers.
F : M → G is from a specific class of functions such as entropy (for r = 0), cross-entropy, or
Kullback-Leibler divergence (for r = 1). To give meaning to the resulting functions, we briefly
explain how the higher-order cross-entropy and Kullback-Leibler divergence relate to the cluster
cross-entropy from Cocco and Monasson [2012]. We then adapt G to only contain functions on
subsets of probability mass functions that are conditionally stable, which allows to restrict F
without losing the monoid action from M to G. As we show, the property to form a P -Markov
random field is conditionally stable, i.e., stable under conditioning P on any evaluation X = x of
any random variable in the Markov random field, and so we can restrict information functions F
to this and similar properties.

In Theorem 5.12, we obtain an important result: When restricting F to tuples of probability
mass functions that satisfy a conditionally stable property that implies the Markov random field
property, then the underlying random variables formally form an F -Markov random field as in
Section 4.5 In particular, using Theorem 2.21, this leads to the vanishing of regions in the F -
diagram that correspond to disconnected vertex sets. We apply this to the case that F is the
Kullback-Leibler divergence restricted to tuples of joint probability mass functions on a Markov
chain with equal transition probabilities from one time-step to the next. In Theorem 5.13 and
Figure 9, we obtain a degeneracy of the Kullback-Leibler diagram that can be interpreted as a
diagram-representation of a weak version of the second law of thermodynamics: The Kullback-
Leibler divergence progressively “shrinks over time”. Additionally, we apply Theorem 5.12 to
obtain a simple explicit derivation of the evidence lower bound in diffusion models by decomposing
the Kullback-Leibler divergence over a Markov chain.

Finally, in Section 6, we summarize our results and discuss possible extensions of the theory
and open questions.

3 Markov Random Fields in Separoids
In this section, we study Markov random fields in general separoids as defined in Definition 2.12
to prepare for our generalizations of information characterizations of Markov random fields. In
Section 3.1, we define conditional mutual independences in separoids and present three equivalent
descriptions. They are used in the cutset description of Markov random fields, which we prove
in Section 3.2 to be equivalent to the usual global Markov property. Finally, Section 3.3 defines
Markov chains in separoids and characterizes them as Markov random fields corresponding to a
path-shaped graph. All these results will apply to F -independence, as we will in the next section,
in Proposition 4.8, show that it satisfies the separoid axioms.

3.1 Conditional Mutual Independences in Separoids
Fix a separoid (M, ⊥⊥). We remind again of our notation: For i, k ∈ N, we set [i : k] := {i, i +
1, . . . , k} if i ≤ k and [i : k] = ∅, otherwise. As a special case, set [k] := [1 : k]. For a set I, set
I \ i := I \ {i}.

Definition 3.1 (Conditional Mutual Independence). Let X1, . . . Xn, Y ∈ M . We say X1, . . . , Xn

are mutually independent given Y , written
n

⊥⊥
i=1

Xi | Y,

5Importantly, there is no reverse of this statement. E.g., if two probability mass functions P and Q give rise to a
Kullback-Leibler diagram with vanishing regions corresponding to the graph of a Markov random field, it does not
imply that P and Q factorize according to the graph. For example, whenever P = Q, the whole Kullback-Leibler
diagram trivially vanishes, but we can’t conclude anything nontrivial about P or Q from it.
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if for all i = 1, . . . , n, the following pairwise independence holds:

Xi ⊥⊥ X[n]\i | Y.

Recall that in this expression, we have X[n]\i =
∏

j∈[n]\{i} Xj.

Note: in some contexts we may also write(
X1 ⊥⊥ X2 ⊥⊥ . . . ⊥⊥ Xn

)
| Y or X1 ⊥⊥

n

⊥⊥
i=2

Xi | Y

for the mutual independence of X1, . . . , Xn given Y .

Proposition 3.2. For X1, . . . , Xn, Y ∈ M , the following statements are equivalent:

1. ⊥⊥n
i=1 Xi | Y ;

2. For all i = 1, . . . , n, the following pairwise independence holds:

Xi ⊥⊥ X[i−1] | Y ;

3. ⊥⊥n−1
i=1 Xi | Y and Xn ⊥⊥ X[n−1] | Y ;

4. for all disjoint I1, I2 ⊆ [n], one has XI1 ⊥⊥ XI2 | Y .

Proof. 1 immediately implies 2 by using decomposition (S3). Assume 2 holds. We want to prove
1. Let i ∈ [n]. Assume by induction that we already know

Xi ⊥⊥ X[l]\i | Y (11)

for some l ≥ i, where the case l = i holds by assumption. If we can show the same with l+1 replacing
l, then induction shows the statement for l = n, which then results in mutual independence since
i was arbitrary. For the induction step, note that

Xl+1 ⊥⊥ X[l] | Y, (12)

which, using symmetry (S1) and weak union (S4), implies

Xi ⊥⊥ Xl+1 | Y X[l]\i. (13)

Contraction (S5) applied to Equations (11) and (13) gives

Xi ⊥⊥ X[l+1]\i | Y,

which shows the induction step.
Knowing that 1 and 2 are equivalent then immediately implies that both are equivalent to 3.
It is also clear that 4 implies 1. Finally, we show that 1 implies 4: let I1, I2 ⊆ [n] be disjoint.

The case I1 = ∅ is trivial by redundancy (S2). Thus, assume ∅ ̸= I1 =
{

i1, . . . , ik

}
with pairwise

different elements il. Then from decomposition (S3) applied to the independence Xi1 ⊥⊥ X[n]\i1 | Y
we obtain

Xi1 ⊥⊥ XI2 | Y.

By induction, we can assume
XI1\ik

⊥⊥ XI2 | Y (14)
and want to show that we can add Xik

to the left-hand-side. By decomposition (S3) applied to
the independence Xik

⊥⊥ X[n]\ik
| Y we obtain

Xik
⊥⊥ XI1∪I2\ik

| Y,

and thus by weak union (S4)
Xik

⊥⊥ XI2 | Y XI1\ik
. (15)

Contraction (S5) applied to Equations (14) and (15) shows

XI1 ⊥⊥ XI2 | Y,

which is the independence we wanted to show.
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3.2 Markov Random Fields in Separoids
Fix again a general separoid (M, ⊥⊥). In this part, we show that Markov random fields as defined
in Definition 2.14 by the global Markov property are equivalently described by the cutset property.

Definition 3.3 (Full Conditional Mutual Independence (FCMI)). Let X1, . . . , Xn ∈ M . A condi-
tional mutual independence

q

⊥⊥
i=1

XLi
| XJ ,

where L1, . . . , Lq, J ⊆ [n] are pairwise disjoint sets whose union is [n], is called a full conditional
mutual independence (with respect to n and X1, . . . , Xn) — or FCMI for short.

The term “full” indicates that each of the variables Xi, i = 1, . . . , n, appears exactly once.
Recall the notion of a cutset and the corresponding components from Section 2.3.

Definition 3.4 (Cutset Property). Let G = (V, E) a graph with V = [n]. A sequence of elements
X1, . . . , Xn ∈ M is said to satisfy the cutset property with respect to ⊥⊥ and G if for all cutsets
U ⊆ V, the FCMI

s(U)

⊥⊥
i=1

XVi(U) | XU

holds.

The following proposition shows that the global Markov property and cutset property are equiv-
alent. For the special case of probabilistic independence, this was also stated in the introduction
of Yeung et al. [2002].

Proposition 3.5. Let G = (V, E) a graph with V = [n]. A sequence of elements X1, . . . , Xn ∈ M
form a Markov random field if and only if they satisfy the cutset property (with respect to ⊥⊥ and
G).

Proof. Assume X1, . . . , Xn satisfy the cutset property with respect to ⊥⊥ and G. Let A, B, C ⊆ V
disjoint such that C separates A from B. Without loss of generality, we can assume that A and
B are both nonempty, since otherwise the independence XA ⊥⊥ XB | XC follows from redundancy
(S2) and we are done. This, together with the separation assumption, implies that C is a cutset.
Let V1(C), . . . , Vs(C)(C) be the components of G\C . Since A, B ⊆ V \ C =

⋃s(C)
i=1 Vi(C), we have

A =
s(C)⋃
i=1

VA
i (C), B =

s(C)⋃
i=1

VB
i (C),

where VA
i (C) := A∩Vi(C) and VB

i (C) := B∩Vi(C). Now, we claim that for all i, we have VA
i (C) = ∅

or VB
i (C) = ∅: indeed, if there were elements a ∈ VA

i (C) and b ∈ VB
i (C), then they would both be

in Vi(C) and thus connected by a walk that lies completely within Vi(C) ⊆ V \ C, a contradiction
to the assumption that C separates A from B.

Thus, we can write
A =

⋃
i∈I1

VA
i (C), B =

⋃
i∈I2

VB
i (C) (16)

with I1 ∩ I2 = ∅. Since X1, . . . , Xn satisfy the cutset property and C is a cutset, we obtain the
FCMI ⊥⊥s(C)

i=1 XVi(C) | XC , from which, by the equivalence of parts 1 and 4 in Proposition 3.2, we
obtain

X[⋃
i∈I1

Vi(C)
] ⊥⊥ X[⋃

i∈I2
Vi(C)

] | XC . (17)

Equation (16) and decomposition (S3) applied to both the left and right side of Equation (17)
implies XA ⊥⊥ XB | XC and thus the global Markov property. Therefore, X1, . . . , Xn form a
Markov random field with respect to ⊥⊥ and G.

For the other direction, assume the global Markov property holds. Let U ⊆ V be a cutset and
let V1(U), . . . , Vs(U)(U) be the components of G\U . We know that U separates V1(U) from V2(U),
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which by the global Markov property implies XV1(U) ⊥⊥ XV2(U) | XU . This can be interpreted as
the conditional mutual independence ⊥⊥2

i=1 XVi(U) | XU . Assume by induction that we know

m

⊥⊥
i=1

XVi(U) | XU . (18)

Note that U also separates
⋃m

i=1 Vi(U) from Vm+1(U), which by the global Markov property implies

XVm+1(U) ⊥⊥
m∏

i=1
XVi(U) | XU .

This, together with Equation (18) and the equivalence of parts 1 and 3 in Proposition 3.2, implies
⊥⊥m+1

i=1 XVi(U) | XU . By induction, this shows the FCMI

s(U)

⊥⊥
i=1

XVi(U) | XU .

Overall, this shows that X1, . . . , Xn satisfies the cutset property with respect to ⊥⊥ and G.

3.3 Markov Chains in Separoids
Again, we fix a general separoid (M, ⊥⊥). Recall the definition of a Markov chain from Defini-
tion 2.16.

Proposition 3.6 (Characterization of Markov Chains). Let X1, . . . , Xn ∈ M . Let G =
(
V, E

)
be the graph with V = [n] and E =

{
{i, i + 1} | i = 1, . . . , n − 1

}
. The following properties are

equivalent:

1. X1 → X2 → · · · → Xn, i.e., the sequence forms a Markov chain;

2. X[i−1] → Xi → X[i+1:n] for all i = 1, . . . , n − 1;

3. X1, . . . , Xn form a Markov random field with respect to G and ⊥⊥.

Proof. Assume 1. To prove 2, let i ∈ {1, . . . , n − 1}. We need to show the independence

X[i+1:n] ⊥⊥ X[i−1] | Xi. (19)

We already know that the independence Xi+1 ⊥⊥ X[i−1] | Xi holds. Assume by induction that

X[i+1:l] ⊥⊥ X[i−1] | Xi (20)

for some l ≥ i + 1. If l = n, then we are done. Otherwise, note that the independence Xl+1 ⊥⊥
X[l−1] | Xl gives us, by weak union (S4), the property

Xl+1 ⊥⊥ X[i−1] | XiX[i+1:l]. (21)

Contraction (S5) applied to Equations (20) and (21) results in X[i+1:l+1] ⊥⊥ X[i−1] | Xi. By
induction, we obtain the result, Equation (19).

Now assume 2. To prove 3, by Proposition 3.5 it is enough to show the cutset property. For this,
let U ⊆ G a cutset and V1(U), . . . , Vs(U)(U) the corresponding components in G\U . A component
in G necessarily consists of consecutive elements, and we can thus assume that they are ordered in
such a way that v1 < · · · < vs(U) for all vertices v1 ∈ V1(U), . . . , vs(U) ∈ Vs(U)(U).

Now, let i ∈ {2, . . . , s (U)} be arbitrary. Let u ∈ U be any element such that v < u < w for
all v ∈

⋃i−1
k=1 Vk(U) and w ∈

⋃s(U)
k=i Vk(U); this clearly exists since otherwise we could merge the

components with indices i−1 and i. Let Uu− and Uu+ be the sets of elements of U that are smaller
and larger than u, respectively. Then by 2, we obtain(

XVi(U) · · · XVs(U)(U)XUu+

)
⊥⊥
(
XV1(U) · · · XVi−1(U)XUu−

)
| Xu.
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With weak union (S4) applied to both sides, we obtain(
XVi(U) · · · XVs(U)(U)

)
⊥⊥
(
XV1(U) · · · XVi−1(U)

)
| XU .

Decomposition (S3) applied to the left side gives

XVi(U) ⊥⊥
(
XV1(U) · · · XVi−1(U)

)
| XU .

Since i was arbitrary, by the equivalence of 1 and 2 in Proposition 3.2, we obtain the FCMI
⊥⊥s(U)

i=1 XVi(U) | XU , showing the cutset property and thus 3.
Since {i − 1} separates {i} from {1, . . . , i − 2} in G, the global Markov property shows that 3

implies 1.

4 Characterizing F -Independences and F -Markov Random Fields
In this section we generalize the work Yeung et al. [2002] on information characterizations of (full)
conditional mutual independences and Markov random fields from Shannon entropy to general F .
The reader may also compare with Yeung [2008], Chapter 12, which contains the same content as
Yeung et al. [2002] with more explanations.

In Section 4.1, we state a main technique used in our proofs, Theorem 4.1, which we term subset
determination. It states that the value of a region in an F -diagram always fully determines the value
of all subregions, including the atomic parts. This result will replace the use of inequalities in Yeung
et al. [2002]. In Section 4.2, we then show that the F -independence defined in Definition 2.19
satisfies the separoid axioms, and so all results from Section 3 apply.

In Section 4.3, we define conditional mutual F -independences and show in Theorem 4.15 a
characterization by the vanishing of a conditional F–dual total correlation and its corresponding
atoms. In Section 4.4, with Theorem 4.21, we then generalize this to a characterization of full
conditional mutual F -independences. By Proposition 3.5, Markov random fields in a separoid are
equivalently characterized by the cutset property, and thus by a set of full conditional mutual
independences. Thus, the previous results lead to the proof for the characterization of F -Markov
random fields in terms of the F -diagram, as stated in Theorem 2.21. We also specialize this to
F -Markov chains. Finally, in Appendix C, we briefly look at Yeung et al. [2019], which builds
on Yeung et al. [2002], and explain which of the results transfer to our generalized setting. We put
this into the appendix since no later results build on this.

Let in this whole section M be a commutative, idempotent monoid acting additively on an
abelian group G and F : M → G a function satisfying the chain rule Equation (5).

4.1 Subset Determination
The following theorem, which did not appear in Lang et al. [2025], highlights a property that we
call subset determination. This crucial property lies at the heart of the proofs of the main results
in this work.

Theorem 4.1 (Subset Determination). Let M be a commutative, idempotent monoid acting addi-
tively on an abelian group G and F : M → G be a function satisfying the chain rule Equation (5).
Fix elements X1, . . . , Xn ∈ M and let X̃ := X̃(n) be defined as in Equation (3), resulting in the
G-valued measure F̃ : 2X̃ → G from Theorem 2.8.

Then for any A ⊆ X̃ and any atom pI ∈ A, one has

F̃ (pI) =
∑
K⊆I

(−1)|K|−|I| · X[n]\K .F̃ (A).

In particular, if F̃ (A) = 0, then F̃ (pI) = 0 for all atoms pI ∈ A, and consequently F̃ (B) = 0 for
all B ⊆ A.

Remark 4.2. It is important to note that this theorem is not true if we work in the setting of
information functions that apply to probability mass functions and restrict our attention to a fixed
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probability mass function P . For example, the total entropy I(XY ; P ) of a joint variable XY
does not determine the mutual information I(X; Y ; P ) between the two, even though I(XY ) does
determine I(X; Y ). Nevertheless, we are able to apply our results also to fixed probability mass
functions, as we explain in Appendix D on slices of I-diagrams.

We first need more notation and several lemmas:

Notation 4.3. For all ∅ ̸= I =
{

i1 < · · · < iq

}
⊆ [n], we write

F
( ;

i∈I
Xi

)
:= F

(
Xi1 ; . . . ; Xiq

)
.

Lemma 4.4. For all ∅ ̸= I ⊆ [n], one has

F̃ (pI) = X[n]\I .F
( ;

i∈I
Xi

)
.

Proof. This follows directly from Equation (4) and Hu’s Theorem.

Lemma 4.5. Assume pL is an atom and K ⊆ [n]. Then

X[n]\K .F̃ (pL) =
{

F̃ (pL), L ⊆ K,

0, else.

Proof. By Lemma 4.4, we have

X[n]\K .F̃ (pL) = X[n]\K .
(

X[n]\L.F
( ;

l∈L
Xl

))
= X[n]\(L∩K).F

( ;
l∈L

Xl

)
.

From this, we immediately see the result for the case L ⊆ K. If L ⊈ K, then there is l ∈ L \ K.
Then l ∈ [n] \ (L ∩ K) and consequently, with Y := X(

[n]\l
)

\(L∩K)
:

X[n]\K .F̃ (pL) = Y.
(

Xl.F
( ;

l′∈L
Xl′)

)
= Y.F̃

( ⋂
l′∈L

X̃l′ \ X̃l

)
= Y.F̃ (∅) = 0,

where we have used Hu’s Theorem 2.8 in the second step. That was to show.

Lemma 4.6. Let L ⊆ I be two sets. Then∑
K: L⊆K⊆I

(−1)|K| = (−1)|L| · 1I=L.

Proof. We have:

∑
K: L⊆K⊆I

(−1)|K| =
|I|∑

k=|L|

(−1)k ·
∣∣∣{K

∣∣ L ⊆ K ⊆ I, |K| = k
}∣∣∣

=
|I|∑

k=|L|

(−1)k ·
(

|I| − |L|
k − |L|

)

= (−1)|L| ·
|I|−|L|∑

k=0

(
|I| − |L|

k

)
· 1|I|−|L|−k · (−1)k

(⋆)= (−1)|L| · (1 − 1)|I|−|L|

= (−1)|L| · 1I=L.

In (⋆), we used the well-known binomial theorem and in the final step that 00 = 1.6

6If one is not comfortable with the definition 00 = 1, one can also directly verify the overall result in the case
L = I.
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Proof of Theorem 4.1. We have∑
K⊆I

(−1)|K|−|I| · X[n]\K .F̃ (A) =
∑
K⊆I

(−1)|K|−|I| · X[n]\K .

( ∑
pL∈A

F̃ (pL)
)

=
∑

pL∈A

(−1)−|I|
∑
K⊆I

(−1)|K| · X[n]\K .F̃ (pL)

=
∑

pL∈A

(−1)−|I| ·

( ∑
K: L⊆K⊆I

(−1)|K|

)
· F̃ (pL)

(
Lemma 4.5

)
=
∑

pL∈A

(−1)−|I| · (−1)|L| · 1L=I · F̃ (pL)
(
Lemma 4.6

)
= (−1)−|I| · (−1)|I| · F̃ (pI)

(
pI ∈ A

)
= F̃ (pI).

Remark 4.7. For the special case that A = X̃, the theorem says that F
(
X[n]

)
determines F̃ (pI)

for all atoms pI ∈ X̃. If M is generated by the X1, . . . , Xn, this means that F
(
X[n]

)
entirely

determines F . In Appendix A, we generalize this observation and show that if ⊤ ∈ M is any so-
called top element, then F (⊤) determines F entirely. This leads to a one-to-one correspondence
between elements of G that are annihilated by ⊤ and functions F : M → G satisfying the chain
rule. We also interpret this result as the vanishing of a cohomology group of degree one.

4.2 F -Independence Satisfies the Separoid Axioms
Let M again be a commutative, idempotent monoid acting on an abelian group G, and F : M → G
a function satisfying the chain rule Equation (5). We now show that the F -independence introduced
in Definition 2.19 satisfies the separoid axioms.

Our proof of the following proposition, which shows that (M, ⊥⊥F ) is a separoid, makes extensive
use of Hu’s Theorem 2.8 and the subset determination property, Theorem 4.1.

Proposition 4.8. Let M be a commutative, idempotent monoid acting on the abelian group G
and F : M → G a function satisfying the chain rule Equation (5). Let ⊥⊥F be the F -independence
relation on M from Definition 2.19. Then (M, ⊥⊥F ) is a separoid.

Proof. We need to prove the five separoid axioms from Definition 2.12. In proving each axiom,
we will use the elements of M appearing in the formulas as the elements X1, . . . , Xn in Hu’s
Theorem 2.8.

1. Symmetry: for any X, Y, Z ∈ M , we have

Z.F (X; Y ) = F̃
(
X̃ ∩ Ỹ \ Z̃

)
= F̃

(
Ỹ ∩ X̃ \ Z̃

)
= Z.F (Y ; X),

showing symmetry X ⊥⊥
F

Y | Z =⇒ Y ⊥⊥
F

X | Z.

2. Redundancy: assume W ≾ Z, i.e., WZ = Z. It follows

F̃
(
W̃ \ Z̃

)
= Z.F (W ) Eq. (5)= F (ZW ) − F (Z) = F (Z) − F (Z) = 0.

Since W̃ ∩ Ỹ \ Z̃ ⊆ W̃ \ Z̃, subset determination Theorem 4.1 shows

Z.F (W ; Y ) = F̃
(
W̃ ∩ Ỹ \ Z̃

)
= 0

and thus W ⊥⊥
F

Y | Z.

3. Decomposition and weak union: assume WX ⊥⊥
F

Y | Z. Then we have

F̃
(
W̃X ∩ Ỹ \ Z̃

)
= Z.F (WX; Y ) = 0.
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Note that
X̃ ∩ Ỹ \ Z̃ ⊆ W̃X ∩ Ỹ \ Z̃ ⊇ W̃ ∩ Ỹ \ X̃Z.

Thus, subset determination Theorem 4.1 shows

Z.F (X; Y ) = F̃
(
X̃ ∩ Ỹ \ Z̃

)
= 0,

(XZ).F (W ; Y ) = F̃
(
W̃ ∩ Ỹ \ X̃Z

)
= 0,

which shows X ⊥⊥
F

Y | Z and W ⊥⊥
F

Y | XZ and thus both decomposition and weak union.

4. Contraction: assume W ⊥⊥
F

Y | XZ and X ⊥⊥
F

Y | Z. We obtain from Hu’s Theorem:

Z.F (WX; Y ) = F̃
(
W̃X ∩ Ỹ \ Z̃

)
= F̃

(
W̃ ∩ Ỹ \ X̃Z

)
+ F̃

(
X̃ ∩ Ỹ \ Z̃

)
= (XZ).F (W ; Y ) + Z.F (X; Y )
= 0 + 0 = 0.

Thus, we have proven WX ⊥⊥
F

Y | Z. In the calculation, the second step uses that F̃ is
additive over disjoint unions.

In the following proposition, we show that F -independences are preserved under conditioning:

Proposition 4.9. Let (M, ⊥⊥F ) be the separoid from above. Let X, Y, Z, W ∈ M . Then the
following implication holds:

X ⊥⊥
F

Y | Z =⇒ X ⊥⊥
F

Y | WZ.

Proof. The claim follows from subset determination Theorem 4.1 and Hu’s Theorem 2.8 by using
that X̃ ∩ Ỹ \ W̃Z ⊆ X̃ ∩ Ỹ \ Z̃.

Remark 4.10. Note that the preceding proposition is incorrect when working in the probabilistic
setting and fixing the probability mass function. For example, the case of a collider

X Y

W

in a Bayesian network shows that it is possible that the probabilistic independence X ⊥⊥P Y is true,
while X ⊥⊥P Y | W is not. Nevertheless, we will be able to apply our theory to the probabilistic
case in Sections 5 and D.

4.3 Conditional Mutual F -Independences and F -Dual Total Correlation
The following definition specializes conditional mutual independences, Definition 3.1, to the case
that the independence relation is given by ⊥⊥F :

Definition 4.11 (Conditional Mutual F -Independence). Let X1, . . . , Xn, Y ∈ M . If X1, . . . , Xn ∈
M are mutually independent given Y ∈ M with respect to ⊥⊥F , then we write

F :
n

⊥⊥
i=1

Xi | Y.

We call this a conditional mutual F -independence, and we say X1, . . . , Xn are mutually F -independent
given Y .

As in Proposition 4.9, we get the following peculiar implication which we will later use:
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Proposition 4.12. Let X1, . . . , Xn, Y, W ∈ M . Then we have the following implication:

F :
n

⊥⊥
i=1

Xi | Y =⇒ F :
n

⊥⊥
i=1

Xi | WY.

Proof. This follows immediately from Proposition 4.9 using that conditional mutual F -independences
are defined as a combination of conditional pairwise F -independences.

As in Remark 4.10, we mention that the preceding proposition does not hold in the probabilistic
setting when fixing the underlying probability mass function.

Warmup: Characterizing Pairwise Conditional F -Independence

Proposition 4.13. Let X1, X2, Y ∈ M . Then the following are equivalent:

1. X1 ⊥⊥
F

X2 | Y ;

2. Y.F (X1X2) = Y.F (X1) + Y.F (X2);

3. Y.F (X1X2) = (Y X2).F (X1) + (Y X1).F (X2);

4. Y.F (X1) = (Y X2).F (X1);

5. Y.F (X2) = (Y X1).F (X2).

Proof. Using Hu’s Theorem 2.8 with elements X1, X2, Y , we generally have

Y.F (X1X2) = F̃
(

X̃1 ∪ X̃2 \ Ỹ
)

= F̃
(

X̃1 \ Ỹ
)

+ F̃
(

X̃2 \ Ỹ
)

− F̃
(

X̃1 ∩ X̃2 \ Ỹ
)

= Y.F (X1) + Y.F (X2) − Y.F (X1; X2).

This shows the equivalence of 1 and 2. Similarly, one can show the decomposition

Y.F (X1X2) = (Y X2).F (X1) + (Y X1).F (X2) + Y.F (X1; X2),

which shows the equivalence of 1 and 3. Finally, we similarly obtain decompositions

Y.F (X1) = (Y X2).F (X1) + Y.F (X1; X2);
Y.F (X2) = (Y X1).F (X2) + Y.F (X1; X2).

The first decomposition shows the equivalence of 1 and 4, and the second the one of 1 and 5.

Of interest to us are especially properties 2 and 3, which can equivalently be expressed as the
following vanishing conditions:

Y.
[
F (X1) + F (X2) − F (X1X2)

]
= 0;

Y.
[
F (X1X2) −

(
X2.F (X1) + X1.F (X2)

)]
= 0.

The concepts of F–total correlation and F–dual total correlations provide natural generalizations of
the quantities at the left-hand-sides of these conditions. These generalize total correlation [Watan-
abe, 1960] and dual total correlation [Han, 1978] by replacing Shannon entropy I in the defining
expressions by F :

Definition 4.14 (F–(Dual )Total Correlation). Let X1, . . . , Xn ∈ M . Then their F–total corre-
lation is given by

TCF (X1; . . . ; Xn) :=
n∑

i=1
F (Xi) − F

(
X[n]

)
.
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Similarly, the F–dual total correlation is given by

DTCF (X1; . . . ; Xn) := F
(
X[n]

)
−

n∑
i=1

X[n]\i.F (Xi),

where [n] \ i := [n] \ {i}. If I =
{

i1 < · · · < iq

}
⊆ [n], then we also write

TCF

( ;
i∈I

Xi

)
:= TCF (Xi1 ; . . . ; Xiq ),

DTCF

( ;
i∈I

Xi

)
:= DTCF (Xi1 ; . . . ; Xiq

).

Similarly to Proposition 4.13, we want to use F–total correlation and F–dual total correlation
to characterize conditional mutual F -independences. We will focus on the case of F–dual total
correlation, which is slightly easier and works in full generality. For the interested reader, we
consider the case of F–total correlation in Appendix B. This only provides a valid characterization
in the case that the group G is torsion-free, as Example B.5 will demonstrate.

Characterization using F -Dual Total Correlation

Let X1, . . . , Xn ∈ M . For I =
{

i1 < · · · < iq

}
⊆ [n], we can then consider the interaction term

F (Xi1 ; . . . ; Xiq ). Recall the notation F
( ;

i∈I
Xi

)
:= F

(
Xi1 ; . . . ; Xiq

)
.

Theorem 4.15. Let M be a commutative, idempotent monoid acting additively on an abelian group
G, and F : M → G a function satisfying the chain rule Equation (5). Let X1, . . . , Xn, Y ∈ M .
Then the following properties are equivalent:

1. F : ⊥⊥n
i=1 Xi | Y ;

2. Y.DTCF

( ;
i∈[n]Xi

)
= 0;

3.
(
Y X[n]\I

)
.F
( ;

i∈I
Xi

)
= 0 for all I ⊆ [n] with |I| ≥ 2;

4. Y.F
(
Xi; X[n]\i

)
= 0 for all i = 1, . . . , n.

Proof. Assume 1. We prove 2 by induction over n, with the case n = 2 corresponding to the
equivalence of 1 and 3 in Proposition 4.13. Let n ≥ 3. By Proposition 3.2 we have

F :
n−1
⊥⊥
i=1

Xi | Y, Xn ⊥⊥
F

X[n−1] | Y.

The first F -independence implies by Proposition 4.12 the following: F : ⊥⊥n−1
i=1 Xi | Y Xn. By

induction, first using the pairwise and then the mutual case,7 we then obtain:

Y.F
(
X[n]

)
= (Y Xn).F

(
X[n−1]

)
+
(
Y X[n−1]

)
.F (Xn)

=
n−1∑
i=1

(
Y XnX[n−1]\i

)
.F (Xi) +

(
Y X[n−1]

)
.F (Xn)

= Y.

( n∑
i=1

X[n]\i.F (Xi)
)

.

That shows 2.
For the rest of the proof, write Xn+1 := Y and assume that X1, . . . , Xn+1 are the elements in

Hu’s Theorem 2.8.

7Similarly to Proposition 4.13, we write the vanishing of the F –dual total correlation as a different equality by
bringing a term to the other side.
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Now assume 2. Note that

0 = Y.DTCF

( ;
i∈[n]Xi

)
= Xn+1.F

(
X[n]

)
−

n∑
i=1

X[n+1]\i.F (Xi)

= F̃
(

X̃[n] \ X̃n+1

)
−

n∑
i=1

F̃ (pi)

= F̃
({

pI | I ⊆ [n], |I| ≥ 2
})

,

where we used Lemma 4.4 in the second step. Let I ⊆ [n] with |I| ≥ 2. Then, subset determination
Theorem 4.1 and the same corollary again imply:

0 = F̃ (pI) = X[n+1]\I .F
( ;

i∈I
Xi

)
=
(
Y X[n]\I

)
.F
( ;

i∈I
Xi

)
.

That is precisely 3.
Now, assume 3. To prove 4, for symmetry reasons it is enough to show that Y.F

(
Xn, X[n−1]

)
=

0. We have

Y.F
(
Xn; X[n−1]

)
= Xn+1.F

(
Xn; X[n−1]

)
= F̃

(
X̃n ∩ X̃[n−1] \ X̃n+1

)
=

∑
I⊆[n]: n∈I,
I∩[n−1]̸=∅

F̃ (pI)

=
∑

I⊆[n]: n∈I,
I∩[n−1]̸=∅

X[n+1]\I .F
( ;

i∈I
Xi

)
=

∑
I⊆[n]: n∈I,
I∩[n−1]̸=∅

(
Y X[n]\I

)
.F
( ;

i∈I
Xi

)
= 0,

where the fourth step used Lemma 4.4. The last step follows since for all I over which we sum, we
necessarily have |I| ≥ 2.

Assuming 4, 1 follows immediately by the definitions of conditional mutual and pairwise F -
independences.

4.4 Full Conditional Mutual F -Independences
We now build on Section 4.3. We will consider mutual F -independences of variables that are
themselves products of several variables. The main result of this section, Theorem 4.21, will
generalize the equivalence between properties 1 and 3 in Theorem 4.15.

Fix n ≥ 0 and X1, . . . , Xn ∈ M . This gives rise to a set X̃ = X̃(n) of 2n − 1 atoms according
to Equation (3) and a G-valued measure F̃ : 2X̃ → G according to Hu’s Theorem 2.8.

In the following, if Wi are sets indexed with i ∈ I, then WI denotes
⋃

i∈I Wi. We now define F -
FCMIs, specializing the notion of FCMIs from Definition 3.3 to the setting with the independence
relation given as ⊥⊥F . We will, however, first define the notion of a conditional partition, since
this will prove valuable when studying the effect of F -FCMIs on F -diagrams:

Definition 4.16 (Conditional Partition). Let q ≥ 1, Li ⊆ [n] for all i ∈ [q] and J ⊆ [n]. Set
L := L[q] =

⋃q
i=1 Li. Assume that the Li and J are all pairwise disjoint and cover [n]. Then the

family K :=
(
J, Li, 1 ≤ i ≤ q

)
is called a conditional partition of [n].8

8We allow J and the Li to be empty, different from usual partitions.
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Definition 4.17 (Full Conditional Mutual F -Independence (F -FCMI)). Let K =
(
J, Li, 1 ≤ i ≤

q
)

be a conditional partition with q ≥ 2. Then an FCMI of the form

F :
q

⊥⊥
i=1

XLi
| XJ (22)

is called a full conditional mutual F -independence (with respect to the previously fixed elements
X1, . . . , Xn) — or F -FCMI for short. If this F -FCMI holds, then we also say that the conditional
partition K =

(
J, Li, 1 ≤ i ≤ q

)
induces an F -FCMI (with respect to the previously fixed elements

X1, . . . , Xn).

Definition 4.18 (Image of a Conditional Partition). Let K =
(
J, Li, 1 ≤ i ≤ q

)
be a conditional

partition of [n] with q ≥ 2. Then its image is defined as

Im(K) :=
{

pW ∈ X̃(n)
∣∣∣ ∃I ⊆ [q], |I| ≥ 2, ∀i ∈ I ∃∅ ̸= Wi ⊆ Li : W = WI =

⋃
i∈I

Wi

}
,

i.e., as a certain set of atoms in X̃(n).

Lemma 4.19. Let q ≥ 1 and K =
(
J, Li, 1 ≤ i ≤ q

)
a conditional partition of [n]. Let ∅ ̸= I ⊆ [q].

Then the equality

AI :=
⋂
i∈I

X̃Li
\ X̃J∪L\LI

=
{

pW ∈ X̃(n)
∣∣∣ ∀i ∈ I ∃∅ ̸= Wi ⊆ Li : W = WI =

⋃
i∈I

Wi

}
holds. Furthermore, if q ≥ 2, then we have Im(K) =

⋃
I⊆[q]: |I|≥2 AI .

Proof. Let pW be an atom, where by definition ∅ ̸= W ⊆ [n] = J ∪ L. Then we have

pW ∈ AI ⇐⇒ ∀i ∈ I ∃l ∈ Li : pW ∈ X̃l ∧ ∀l ∈ J ∪ L \ LI : pW /∈ X̃l

⇐⇒ ∀i ∈ I : ∅ ̸= W ∩ Li ∧ W ∩
(
J ∪ L \ LI

)
= ∅.

Now, assume pW ∈ AI and let Wi := W ∩ Li ̸= ∅ for i ∈ I. Then from the preceding characteriza-
tion, we obtain:

W = W ∩ (J ∪ L) = W ∩ LI = W ∩
⋃
i∈I

Li =
⋃
i∈I

Wi = WI

and thus pW = pWI
is in the set at the right-hand-side.

If, vice versa, pW = pWI
is of the stated form of the set at the right-hand-side, then W ∩ Li =

Wi ̸= ∅ for all i ∈ I and W ∩
(
J ∪ L \ LI

)
= ∅, and thus pW ∈ AI .

The last statement follows immediately from the definition of Im(K) and what we just showed.

Before we state the following proposition, we remind of the fact that, by Lemma 4.4, we have

F
(
X[n]

)
= F̃

(
X̃
)

=
∑

pI ∈X̃

F̃ (pI) =
∑

∅̸=I⊆[n]

X[n]\I .F
( ;

i∈I
Xi

)
.

The following proposition generalizes this to the case that the left-hand-side is itself a “term of
higher degree”:

Proposition 4.20. Let q ≥ 1, and let L1, . . . , Lq ⊆ [n] be pairwise disjoint sets. For any ∅ ̸= I ⊆
[q], we have

F
( ;

i∈I
XLi

)
=

∑
(Wi)i∈I :

∀i: ∅̸=Wi⊆Li

XLI \WI
.F
( ;

w∈WI
Xw

)
.9

9For mitigating confusion, note that each Wi is itself a set, and so each w ∈ WI is an element contained in
exactly one of the Wi.
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Figure 6: In this illustration, we visualize the full conditional mutual F -independence (F -FCMI) XL1 ⊥⊥
F

XL2 | XJ for the case n = 4, J = {4}, L1 = {1}, and L2 = {2, 3}. The independence is by Hu’s Theorem 2.8
given by F̃

(
X̃L1 ∩ X̃L2 \ X̃J

)
= XJ .F (XL1 ; XL2 ) = 0. That is, F̃ vanishes on the gray region. Subset

determination Theorem 4.1 results in F̃ vanishing even on all the atoms within that region — namely
p12, p123, and p13. Defining the conditional partition K =

(
J, L1, L2

)
, these atoms are precisely the

elements in Im(K), thus confirming the characterization of F -FCMIs in terms of F̃ given in Theorem 4.21.

Proof. Assume without loss of generality that I = [q] and LI = [n]. Then, applying Hu’s Theo-
rem 2.8 and Lemma 4.19, we obtain:

F
( ;

i∈I
XLi

)
= F̃

(⋂
i∈I

X̃Li

)
=

∑
∅̸=W ⊆LI :

pW ∈
⋂

i∈I
X̃Li

F̃ (pW ) =
∑

(Wi)i∈I :
∀i: ∅̸=Wi⊆Li

F̃ (pWI
).

The result follows from F̃ (pWI
) = XLI \WI

.F
( ;

w∈WI
Xw

)
, see Lemma 4.4.

The following Theorem generalizes Theorem 5 of Yeung et al. [2002]. We illustrate it in Figures 6
and 7. The reader may also compare with Figures 3 and 5 from the introduction, which illustrates
the effect of simple F -FCMIs for the case that F = I and general F , respectively. In the first of
those figures, the FCMIs come from the graph-structure of a Markov random field.

Theorem 4.21. Let M be a commutative, idempotent monoid acting additively on an abelian
group G and F : M → G a function satisfying the chain rule Equation (5). We assume fixed
elements X1, . . . , Xn ∈ M , giving rise to a G-valued measure F̃ : 2X̃ → G according to Hu’s
Theorem 2.8.

Let K =
(
J, Li, 1 ≤ i ≤ q

)
be a conditional partition of [n] with q ≥ 2. Set L := L[q]. Then the

following properties are equivalent:

1. K induces an F -FCMI with respect to X1, . . . , Xn, i.e. F : ⊥⊥q
i=1 XLi | XJ ;

2. for all I ⊆ [q] with |I| ≥ 2:
(
XJ∪L\LI

)
.F
( ;

i∈I
XLi

)
= 0;

3. for all I ⊆ [q] with |I| ≥ 2 and all (Wi)i∈I with ∅ ̸= Wi ⊆ Li for all i ∈ I, we have
XJ∪L\WI

.F
( ;

w∈WI
Xw

)
= 0;

4. F̃ (pW ) = 0 for all pW ∈ Im(K).

Proof. That 1 and 2 are equivalent follows immediately from the equivalence of properties 1 and
3 in Theorem 4.15. In doing so, q replaces n, XJ replaces Y , and XLi replaces Xi.
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Figure 7: This figure visualizes the full conditional mutual F -independence (F -FCMI) of XL1 , XL2 and
XL3 for the case n = 4, L1 = {1}, L2 = {2, 3}, and L3 = {4}. Here, the conditional variable is trivial,
corresponding to J = ∅. By the characterization of F -FCMIs, Theorem 4.21, F̃ vanishes on all atoms in
the gray region. This leads to a degeneracy of the F -diagram, which can then be depicted on the small
set of atoms at the right-hand-side of the figure.

3 immediately implies 2 by Proposition 4.20 and observing that XJ∪L\LI
·XLI \WI

= XJ∪L\WI
.

3 and 4 are clearly seen to be equivalent using the definition of Im(K) and the fact that

XJ∪L\WI
.F
( ;

w∈WI
Xw

)
= X[n]\WI

.F
( ;

w∈WI
Xw

)
= F̃ (pWI

).

We used J ∪ L = [n] in the first step and Lemma 4.4 in the second.
Finally, we need to see that 2 implies 4. Let pW ∈ Im(K). Then by Lemma 4.19, there is a

set I ⊆ [q] with |I| ≥ 2 such that pW ∈ AI =
⋂

i∈I X̃Li \ X̃J∪L\LI
. Then, using Hu’s Theorem 2.8

and property 2, we obtain F̃
(
AI

)
=
(
XJ∪L\LI

)
.F
( ;

i∈I
XLi

)
= 0. By subset determination,

Theorem 4.1, this results in particular in F̃ (pW ) = 0, and we are done.

Remark 4.22. If we replace property 1 in the preceding theorem by simply stating the independence
relation — without naming this an F -FCMI — then properties 1, 2, and 3 are also equivalent
without assuming L ∪ J = [n]. This corresponds to conditional mutual F -independences that are
not full. The reason is that n does not even appear in those statements, and so we can always
relabel the elements in J ∪ L to be equal to [n′] for some n′ < n. However, for the equivalence to
statement 4 we need the property L ∪ J = [n].

4.5 F -Markov Random Fields and F -Markov Chains
In this section, we characterize F -Markov random fields with respect to a graph G in terms of the
F -diagram. Then we specialize this to a characterization of F -Markov chains. These notions were
defined in Terminology 2.20. As in the previous subsection, fix elements X1, . . . , Xn ∈ M , giving
rise to a G-valued measure F̃ : 2X̃ → G by Hu’s Theorem 2.8. Additionally, we now fix a graph
G = (V, E) with vertex set V = [n], see Definition 2.9.

Lemma 4.23. Let U a cutset for G. Let Vi(U), 1 ≤ i ≤ s (U) be the corresponding components
and K :=

(
U , Vi(U), 1 ≤ i ≤ s (U)

)
the corresponding conditional partition. Then all pW ∈ Im(K)

are disconnected.

Proof. Let pW ∈ Im(K). There exists I ⊆ [s (U)] with |I| ≥ 2 and ∅ ̸= Wi ⊆ Vi(U) for all i ∈ I
such that W = WI =

⋃
i∈I Wi. Now, let i ̸= j ∈ I and wi ∈ Wi ⊆ Vi(U) and wj ∈ Wj ⊆ Vj(U).

Since Vi(U) and Vj(U) are components of G\U , there is no walk connecting wi and wj in G\U . Since
U ⊆ V \ WI , there can also be no such walk in G\(V\WI ). This shows that V \ WI is a cutset, and
thus pW = pWI

is disconnected.
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Figure 8: If elements X1, . . . , Xn ∈ M form an F -Markov chain, then many atoms in the F -diagram
disappear by Corollary 4.24. The only atoms that remain are those corresponding to “intervals” in [n].
This leads to a fan-like structure of the F -diagram, as visualized here for n = 3 and n = 5.

The following proof of the characterization of F -Markov random fields is similar to the one
given in Yeung et al. [2002], Theorem 8, for the special case of probabilistic Markov random fields.

Proof of Theorem 2.21. Assume that X1, . . . , Xn form an F -Markov random field with respect to
G. Let pW be a disconnected atom. We need to show F̃ (pW) = 0.

Define U := V \ W. By assumption of W being disconnected, U is a cutset. Thus, s (U) ≥ 2
and we have components V1(U), . . . , Vs(U)(U) in G\U . Since X1, . . . , Xn form an F -Markov random
field with respect to G, we obtain by Proposition 3.5 the F -independence

F :
s(U)

⊥⊥
i=1

XVi(U) | XU .

Now, notice that this is precisely the F -FCMI corresponding to the conditional partition K =(
U , Vi(U), 1 ≤ i ≤ s (U)

)
. By Theorem 4.21, F̃ (pW′) = 0 for all atoms pW′ ∈ Im(K). Now, notice

that
⋃s(U)

i=1 Vi(U) = V \ U = W, which, due to s (U) ≥ 2 and Vi(U) ̸= ∅, shows that pW ∈ Im(K).
This shows F̃ (pW) = 0, and we are done.

For the other direction, assume that F̃ vanishes on all disconnected atoms. Now, let U ⊆ V be
a cutset, with components V1(U), . . . , Vs(U)(U) of G\U . By Proposition 3.5, we need to show the
F -independence

F :
s(U)

⊥⊥
i=1

XVi(U) | XU .

This is the F -FCMI corresponding to the conditional partition K =
(
U , Vi(U

)
, 1 ≤ i ≤ s (U)).

Thus, by Theorem 4.21, we need to show that F̃ (pW) = 0 for all pW ∈ Im(K). Since all
pW ∈ Im(K) are disconnected by Lemma 4.23, this follows from assuming that F̃ vanishes on
all disconnected atoms.

We refer back to Figure 3 for a visualization of how F -diagrams of F -Markov random fields
look like. That visualization focused on I-Markov random fields, but is entirely correct also in our
general case, as the preceding theorem shows.

Corollary 4.24. With all notation as above, the following two statements are equivalent:

• X1, . . . , Xn form an F -Markov chain.

• F̃ (pW) = 0 for all W ⊆ [n] that do not only contain consecutive numbers.

Proof. For the proof, we specialize to the graph G =
(
V, E

)
with V = [n] and E =

{
{i, i + 1} |

i = 1, . . . , n − 1
}

, so G is intuitively a chain. Then from Proposition 3.6 we know that the first
statement is equivalent to X1, . . . , Xn forming an F -Markov random field with respect to G. Since
the disconnected atoms pW with respect to G are precisely those where W does not only consist
of consecutive numbers, the result follows from Theorem 2.21.
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The effect of the preceding corollary on F -diagrams is visualized in Figure 8.

Corollary 4.25. Assume X1, . . . , Xn form an F -Markov Chain. Then for all I, J ⊆ [n] with
∅ ̸= I =

{
i1 < i2 < · · · < iq

}
, the following equality holds:

XJ .F
(
Xi1 ; Xi2 ; . . . ; Xiq

)
= XJ .F

(
Xi1 ; Xiq

)
.

Proof. We can without loss of generality assume XJ = 1. Using Hu’s Theorem 2.8, we obtain

F (Xi1 ; . . . ; Xiq ) = F̃

(
q⋂

k=1
X̃ik

)
=

∑
L: i1,...,iq∈L

F̃ (pL) (⋆)=
∑

L: i1,iq∈L

F̃ (pL)

= F̃
(

X̃i1 ∩ X̃iq

)
= F (Xi1 ; Xiq

).

In (⋆), we used Corollary 4.24: both sums are equal since for all summands where L does not
contain the whole “interval” [i1 : iq], we have F̃ (pL) = 0.

5 Probabilistic Independences and Markov Random Fields
In this section, we specialize the results from Section 4 to the probabilistic setting. Since we want to
study probabilistic FCMIs and Markov random fields, we want to restrict our information measures
— e.g., Shannon entropy, Kullback-Leibler divergence, and cross-entropy — to probability mass
functions satisfying these properties. However, to be able to work in the setting of Section 2.2 of
a general function F : M → G, we need a monoid action, which in the probabilistic case involves
conditional probability mass functions. We thus need to make sure that properties of distributions
such as “forms a Markov random field” are preserved under conditioning. We prove this for several
properties in Section 5.1.

In Section 5.2 we briefly study a general class of information functions that satisfy the chain
rule, and motivate the case of higher-order cross-entropy and Kullback-Leibler divergence by a
connection to the cluster cross-entropy from Cocco and Monasson [2012]. Building on Section 5.1,
in Section 5.3, we restrict general information functions to stable properties like “forms a Markov
random field” and show that this preserves the monoid action and the chain rule. In Theorem 5.12,
we then recover the notion of a Markov random field with respect to restricted information func-
tions, providing examples for the F -Markov random fields studied in Section 4. In Section 5.4 we
then specialize to the case of Kullback-Leibler Markov chains with fixed transition probabilities be-
tween time-steps, reminiscent of the physical laws. This leads to Theorem 5.13 and Corollary 5.14,
where we interpret a weak version of the second law of thermodynamics in terms of a degeneracy
of Kullback-Leibler diagrams. Finally, in Section 5.5, we use the Kullback-Leibler decomposition
over Markov chains that follows from Theorem 5.12 to derive the explicit decomposition of the
evidence lower bound for diffusion models, demonstrating the applicability of our work to machine
learning.

The results in Yeung et al. [2002] of I-diagram characterizations of FCMIs and Markov random
fields focus on fixed probability mass functions, thus only looking at what we will call a slice of
the I-diagram. This does not directly correspond to our supposed generalizations; after all, they
always involve a monoid action, and thus let the probability mass functions unspecified in the
probabilistic case. In Appendix D, we demonstrate that this is not a problem by showing that our
Theorems 4.21 and 2.21 actually imply the main results in Yeung et al. [2002]. This validates the
claim that our results are indeed generalizations.

In this whole section, let Ω be a countable, discrete sample space, with the probability mass
function not yet fixed, and assume that all random variables X : Ω → EX have a finite discrete
value space EX . Also, recall the notions of the conditional independence X ⊥⊥P Y | Z of random
variables on Ω with respect to probability mass function P , and recall that equivalence classes
of random variables form a monoid according to Proposition 2.1. Conditional independence is
well-defined at the level of equivalence classes, giving rise to a separoid (Proposition 2.13), and we
do not distinguish in notation between X and its equivalence class.
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5.1 Stability under Conditioning
In this subsection, we show that for random variables X1, . . . , Xn, the property to be an FCMI,
the property to be a Markov random field, and the property of two probability mass functions to
have “equal transition probabilities” between time-steps in a Markov chain, are all stable under
conditioning. That means that if they hold with respect to a probability mass function P , they
also hold with respect to P |Y =y for arbitrary Y = XI with I ⊆ [n] and y ∈ EY .

We will later also need the following definition, for example for defining the Kullback-Leibler
divergence:

Definition 5.1 (Absolutely Continuous). Let P, Q ∈ ∆(Ω) be two probability mass functions.
Then P is said to be absolutely continuous with respect to Q, written P ≪ Q, if the following
implication holds for all ω ∈ Ω:

Q(ω) = 0 =⇒ P (ω) = 0.

We now specialize the notions of conditional mutual independences and FCMIs from general
separoids to the probabilistic case to make wordings and notation more efficient. We did the similar
specializations already for Markov random fields and Markov chains in Definitions 2.14 and 2.16.

Terminology 5.2. Let X1, . . . , Xn, Y be random variables on Ω, P ∈ ∆(Ω) a probability mass
function, and ⊥⊥P the corresponding separation relation. If X1, . . . , Xn are mutually independent
given Y with respect to ⊥⊥P (Definitions 3.1), then we write

P :
n

⊥⊥
i=1

Xi | Y

and call this a conditional mutual P -independence. Let K =
(
J, Li, 1 ≤ i ≤ q

)
be conditional

partition of [n] (Definition 4.16). Then the FCMI (Definition 3.3)

P :
q

⊥⊥
i=1

XLi
| XJ

is called a full conditional mutual P -independence (with respect to X1, . . . , Xn) — or P -FCMI for
short. If it holds, then we say K induces a P -FCMI.

We first need two lemmas:

Lemma 5.3. Let X, Y, Z be three random variables on Ω and P ∈ ∆(Ω) a probability mass
function. If P (y, z) ̸= 0, then (

P |Y =y

)
(x | z) = P (x | y, z).

Proof. We have:(
P |Y =y

)
(x | z) =

((
P |Y =y

)
|Z=z

)
(x) =

(
P |Y Z=(y,z)

)
(x) = P (x | y, z).

The second step can be showed by explicit computation.

Lemma 5.4. Let U, V, W, Y be random variables on Ω and P ∈ ∆(Ω) a probability mass function
such that the following independence holds:

U ⊥⊥
P

V | WY.

Let y ∈ EY be arbitrary with P (y) ̸= 0. Then the following independence follows:

U ⊥⊥
P |Y =y

V | W.

Proof. Let u ∈ EU , v ∈ EV and w ∈ EW be arbitrary. We want to show the following:(
P |Y =y

)
(u, v, w) =

(
P |Y =y

)
(u | w) ·

(
P |Y =y

)
(v, w). (23)
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If P (w | y) = 0, then both sides of Equation (23) vanish and the result is clear. Thus, we can assume
P (w | y) ̸= 0, and therefore, together with P (y) ̸= 0, we obtain P (w, y) ̸= 0. By Lemma 5.3, this
results in

(
P |Y =y

)
(u | w) = P (u | w, y). We obtain that the desired Equation (23) is equivalent to

the following:
P (u, v, w, y)

P (y) = P (u | w, y) · P (v, w, y)
P (y) ,

which is equivalent to
P (u, v, w, y) = P (u | w, y) · P (v, w, y).

This follows from the assumption U ⊥⊥
P

V | WY .

Proposition 5.5. Let X1, . . . , Xn be random variables on Ω, P ∈ ∆(Ω) a probability mass func-
tion, and K =

(
J, Li, 1 ≤ i ≤ q

)
a conditional partition of [n] that induces a P -FCMI with respect

to X1, . . . , Xn. Then for all I ⊆ [n], for Y := XI , and for all y ∈ EY with P (y) ̸= 0, K also
induces a

(
P |Y =y

)
–FCMI with respect to X1, . . . , Xn.

Proof. By assumption, we have the P -FCMI P : ⊥⊥q
i=1 XLi

| XJ . This means that for all i ∈
{1, . . . , q}, we have

XLi
⊥⊥
P

X⋃
l̸=i

Ll
| XJ . (24)

Now, decompose I into three sets Ii = I ∩ Li, I\i = I ∩
⋃

l ̸=i Ll and IJ = I ∩ J . We obtain the
corresponding random variables Yi = XIi

, Y\i = XI\i
and YJ = XIJ

. Since the monoid of random
variables is idempotent, the above pairwise P -independence is equivalent to the following:

YiXLi
⊥⊥
P

Y\iX
⋃

l̸=i
Ll

| XJYJ .

Applying weak union (S4) to both the left and right factor, we obtain

XLi ⊥⊥
P

X⋃
l̸=i

Ll
| XJ

(
YiY\iYJ

)
.

Since K is full, meaning the contained sets cover all of [n], we obtain I = Ii ∪ I\i ∪ IJ and conse-
quently YiY\iYJ = Y . Lemma 5.4 then shows the

(
P |Y =y

)
–independence XLi

⊥⊥
P |Y =y

X⋃
l̸=i

Ll
| XJ .

Since i was arbitrary, we obtain the
(
P |Y =y

)
–FCMI P |Y =y : ⊥⊥q

i=1 XLi
| XJ . That was to

show.

Corollary 5.6. Let X1, . . . , Xn be random variables on Ω, G = (V, E) a graph with V = [n], and
P ∈ ∆(Ω) a probability mass function. Assume X1, . . . , Xn form a P -Markov random field with
respect to G.

Then for all I ⊆ [n], for Y := XI , and for all y ∈ EY with P (y) ̸= 0, X1, . . . , Xn also form a(
P |Y =y

)
–Markov random field with respect to G.

Proof. We show this by proving the cutset property, which by Proposition 3.5 is equivalent to the
global Markov property. Thus, let U ⊆ [n] be a cutset and V1(U), . . . , Vs(U)(U) the corresponding
components. By assumption we know that the conditional partition K =

(
U , Vi(U), 1 ≤ i ≤ s (U)

)
induces a P -FCMI. Then Proposition 5.5 shows that we also obtain a

(
P |Y =y

)
–FCMI, meaning

we have P |Y =y : ⊥⊥s(U)
i=1 XVi(U) | XU . This was to show.

Next, we show that the property to have “equal transition probabilities” between time-steps
in a Markov chain is stable under conditioning. We will use this in Section 5.4 to illustrate a
weak version of the second law of thermodynamics. First, we state a simple lemma about general
separoids that we will use:

Lemma 5.7 (Dawid [2001], Lemma 1.1). Let (M, ⊥⊥) be a separoid. For X, Y, Z ∈ M , we have
the following equivalence:

X ⊥⊥ Y | Z ⇐⇒ XZ ⊥⊥ Y Z | Z.

Compositionality, Volume 8, Issue 1 (2026) 32



Leon Lang, Clélia de Mulatier, Rick Quax, Patrick Forré, Abstract Markov Random Fields

Proposition 5.8. Let X1, . . . , Xn be random variables on Ω and (P, Q) ∈ ∆(Ω)2 be two probability
mass functions such that P is absolutely continuous with respect to Q, see Definition 5.1. Assume
that X1, . . . , Xn form a P -Markov chain and Q-Markov chain. Additionally, assume that P and
Q have the same transition probabilities, i.e.: P (xi | xi−1) = Q(xi | xi−1) for all i and all xi−1, xi

with P (xi−1) ̸= 0.
Then for all I ⊆ [n], for Y := XI , and for all y ∈ EY with P (y) ̸= 0, P |Y =y is also abso-

lutely continuous with respect to Q|Y =y and X1, . . . , Xn also forms a
(
P |Y =y

)
–Markov chain and

a
(
Q|Y =y

)
–Markov chain. Additionally, P |Y =y and Q|Y =y also have the same transition probabili-

ties, i.e.: (P |Y =y)(xi | xi−1) = (Q|Y =y)(xi | xi−1) for all i and all xi−1, xi with (P |Y =y)(xi−1) ̸= 0.

Proof. That P |Y =y is absolutely continuous with respect to Q|Y =y is clear. That X1, . . . , Xn also
forms a

(
P |Y =y

)
–Markov chain and a

(
Q|Y =y

)
–Markov chain follows from the fact that Markov

chains are Markov random fields by Proposition 3.6, and from Corollary 5.6.
For the second statement, let i be given. Write I = I− ∪ I+ with I− ⊆ [i − 1], I+ ⊆ [i : n].

Correspondingly, we write Y = Y−Y+. Remember that being a Markov chain implies being a
Markov random field according to Proposition 3.6. Together with Lemma 5.7 and the decomposi-
tion separoid axiom (S3), one can show the following two independences:

Xi ⊥⊥
P

Y− | Xi−1Y+, Xi ⊥⊥
Q

Y− | Xi−1Y+.10

It follows(
P |Y =y

)
(xi | xi−1) (⋆)= P (xi | xi−1, y)

(
Lemma 5.3

)
= P (xi | xi−1, y−, y+)
= P (xi | xi−1, y+)

= P (xi, y+ | xi−1)
P (y+ | xi−1)

= P (xi | xi−1) · P (y+ | xi−1, xi)∑
x′

i
P (x′

i | xi−1) · P (y+ | xi−1, x′
i)

,

In (⋆), to apply the lemma, we used P (y) ̸= 0 and the additional assumption that
(
P |Y =y

)
(xi−1) ̸=

0, which results in P (y, xi−1) ̸= 0. Due to P being absolutely continuous with respect to Q, we
also obtain Q(y, xi−1) ̸= 0. Thus, we similarly get:

(
Q|Y =y

)
(xi | xi−1) = Q(xi | xi−1) · Q(y+ | xi−1, xi)∑

x′
i
Q(x′

i | xi−1) · Q(y+ | xi−1, x′
i)

.

By assumption, we already know P (xi | xi−1) = Q(xi | xi−1). The preceding computations
therefore show that it is enough to prove that P (y+ | xi−1, xi) = Q(y+ | xi−1, xi). We can assume
that I+ ⊆ [i + 1 : n] since otherwise xi determines the first entry of y+, which can then be removed
from the expression if it is equal to xi. Then, let J ⊆ [i + 1 : n] be such that J∪̇I+ = [i + 1 : n].
We obtain:

P (y+ | xi−1, xi) =
∑
xJ

P
(
x[i+1:n] | xi−1, xi

)
=
∑
xJ

n−1∏
j=i

P (xj+1 | xj)
(
Markov chain property

)
=
∑
xJ

n−1∏
j=i

Q(xj+1 | xj)

10More precisely, the global Markov property ensures Xi ⊥⊥P X[i−2] | Xi−1Y+ (Note that this is trivial if Xi is
part of Y+, and otherwise we have the disjointness stated in the global Markov property). Then by Lemma 5.7, we
can add the variables Xi−1Y+ to the left-hand-sides. The decomposition separoid axiom (S3) then allows to remove
the variables that we do not need for the final result.
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=
∑
xJ

Q
(
x[i+1:n] | xi−1, xi

) (
Markov chain property

)
= Q(y+ | xi−1, xi).

This was to show.

5.2 Information Functions Satisfying the Chain Rule
Before we show in the next subsection that information functions can always be restricted to
stable probability sets, we first define a class of information functions to work with. This includes
Shannon entropy, Kullback-Leibler divergence, and cross-entropy. We also connect higher-order
cross-entropy and Kullback-Leibler divergence to the notion of cluster entropy defined in Cocco
and Monasson [2012].

To capture many information functions, we work in the following general setting very similar
to Baudot and Bennequin [2015], Section 5. Let M be the monoid of equivalence classes of random
variables on the fixed sample space Ω, and let r ≥ 0 be a natural number. We denote tuples
of probability mass functions in ∆(Ω)r+1 by

(
P∥Q1, . . . , Qr

)
:=
(
P, Q1, . . . , Qr

)
to remind of the

notation inside the Kullback-Leibler divergence. Then, we set

˜∆(Ω)r+1 :=
{(

P∥Q1, . . . , Qr

)
∈ ∆(Ω)r+1 ∣∣ P ≪ Q1, . . . , P ≪ Qr

}
. (25)

Here, P ≪ Q, means that P is absolutely continuous with respect to Q, see Definition 5.1. In
applications, r = 0 would be used for Shannon entropy and α-entropy, and r = 1 for Kullback-
Leibler divergence, α–Kullback-Leibler divergence and cross-entropy, indicating the number of
additional probability mass functions. We do not have applications for r ≥ 2 in mind.

Let
G := Meas

(
˜∆(Ω)r+1,R

)
:=
{

f : ˜∆(Ω)r+1 → R
∣∣ f is measurable

}
, (26)

which clearly is an abelian group. We also assume an additive monoid action of M on G given by
the formula[

X.f
](

P∥Q1, . . . , Qr

)
=
∑

x∈EX

g
(
P (x), Q1(x), . . . , Qr(x)

)
· f
(
P |X=x∥Q1|X=x, . . . , Qr|X=x

)
(27)

for some measurable function g : [0, 1]r+1 → R with g(0, ⋆, . . . , ⋆) = 0.11 We assume g to be
the same function irrespective of X, f , and P, Q1, . . . , Qr. Note that P ≪ Qi implies that also
P |X=x ≪ Qi|X=x, which means that the preceding formula is actually defined.

Furthermore, we assume to have a function F : M → G that satisfies the chain rule, meaning
that for all X, Y ∈ M , we have

F (XY ) = F (X) + X.F (Y ).

The reader can verify that all of Shannon entropy, Kullback-Leibler divergence, α-entropy, α–
Kullback-Leibler divergence, and cross-entropy, fit precisely under this umbrella. Precise definitions
that fit our exact framework can be found in Lang et al. [2025], Sections 2 and 5. For example,
for Shannon entropy we have r = 0 and G = Meas

(
∆(Ω),R

)
. The action is given by[

X.f
]
(P ) :=

∑
x∈EX

P (x) · f
(
P |X=x

)
,

and the Shannon entropy I : M → G is given by[
I(X)

]
(P ) := −

∑
x∈EX

P (x) · log P (x), (28)

11The condition g(0, ⋆, . . . , ⋆) = 0 is satisfied in all examples we consider and ensures that we have a zero coefficient
whenever the conditionals are not defined. We then define the product as simply zero. Additionally, note that due to
absolute continuity, we have P (x) = 0 whenever Qi(x) = 0 for some i. Therefore, it is enough to have the vanishing
condition for g in the first component only.
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which indeed satisfies the chain rule I(XY ) = I(X) + X.I(Y ); see Section 2.1. Note that 0 ·
log 0 := 0 in this formula. Similarly, for Kullback-Leibler divergence we have r = 1 and G =
Meas

(
∆̃(Ω)2,R

)
. The action is given by[

X.f
]
(P∥Q) :=

∑
x∈EX

P (x) · f
(
P |X=x∥Q|X=x

)
. (29)

The Kullback-Leibler divergence D : M → G is then defined by[
D(X)

]
(P∥Q) :=

∑
x∈EX

P (x) · log P (x)
Q(x) . (30)

This also satisfies the chain rule: D(XY ) = D(X) + X.D(Y ). Note that 0 · log 0
Q(x) := 0 in this

formula. Similarly, the cross-entropy C : M → G is defined by[
C(X)

]
(P∥Q) :=

∑
x∈EX

P (x) · log 1
Q(x) . (31)

Clearly, one then has C(X) = I(X) + D(X).
Once these definitions are set in place, one can study higher-order terms F : Mq → G as in

Equation (6), and visualize them in F -diagrams. The higher-order terms for Shannon entropy
I, i.e., the mutual information and interaction information, are frequently studied, whereas the
higher-order terms for C and D have gotten substantially less attention. So before we continue to
study the F -diagrams of such functions for Markov random fields in the coming section, we briefly
connect these higher-order terms to the cluster entropy from Cocco and Monasson [2012].

Namely, Cocco and Monasson [2012] define the cluster (cross-)entropy12 ∆C for subsets of n
random variables X1, . . . , Xn by

∆C
( ;

j∈J
Xj

)
:=
∑

K⊆J

(−1)|K|−|J| · C(XK). (32)

In contrast, we define higher-order cross-entropies as in Equation (6) by the inductive formula

C
(
Xj1 ; . . . ; Xjq

)
= C

(
Xj1 ; . . . ; Xjq−1

)
− Xjq .C

(
Xj1 ; . . . ; Xjq−1

)
.

In Lang et al. [2025], Corollary 3.5, part 6, it is deduced from the generalized Hu theorem that
this obeys the following inclusion-exclusion type formula:

C
( ;

j∈J
Xj

)
=
∑

K⊆J

(−1)|K|+1 · C(XK). (33)

Comparing Equations (32) and (33), we see that our higher-order cross-entropies and the cluster
cross-entropies differ by a simple sign that depends on the order:

C
( ;

j∈J
Xj

)
= (−1)|J|+1 · ∆C

( ;
j∈J

Xj

)
.

Higher-order Kullback-Leibler divergence is then fully determined by higher-order cross-entropy
and information, as D

( ;
j∈J

Xj

)
= C

( ;
j∈J

Xj

)
− I
( ;

j∈J
Xj

)
. We hope that these connections

provide motivation for the reader to study information diagrams for functions such as cross-entropy
and Kullback-Leibler divergence, and that the study of these diagrams, in turn, could help to better
understand concepts like the cluster cross-entropies.

5.3 Restricting Information Measures to Stable Probability Sets
In this subsection, we show that information functions that “satisfy the chain rule” can, under mild
conditions, always be restricted to subsets of probability mass functions as long as those are stable.
We define this notion in Definition 5.9, which encompasses the examples we saw in the previous
subsection. In Theorem 5.12, we will then see that restricting to probability mass functions that
give rise to Markov random fields leads to the formalism of an F -Markov random field, as studied
in Section 4.5. Let the notation throughout be as in the preceding subsection.

12The authors often write “entropy” when they actually mean cross-entropy.

Compositionality, Volume 8, Issue 1 (2026) 35



Leon Lang, Clélia de Mulatier, Rick Quax, Patrick Forré, Abstract Markov Random Fields

Definition 5.9 (Stable Property). Let n ≥ 0, X1, . . . , Xn ∈ M , r ≥ 0, and R = R(X1, . . . , Xn)
be a property of probability tuples with r + 1 entries, which means that for all

(
P∥Q1, . . . , Qr

)
∈

∆(Ω)r+1, R
(
P∥Q1, . . . , Qr

)
is either true or false. R is called stable if the following holds:

• R is well-defined, i.e., if Y1, . . . , Yn are random variables on Ω with Yi ∼ Xi, then

R(X1, . . . , Xn) = R(Y1, . . . , Yn);

• R is measurable, i.e., the set{(
P∥Q1, . . . , Qr

)
∈ ∆(Ω)r+1 ∣∣ R

(
P∥Q1, . . . , Qr

)}
is a measurable subset of ∆(Ω)r+1;

• R is stable under conditioning with respect to X1, . . . , Xn, i.e.: let MR be the submonoid of
M generated by X1, . . . , Xn.13 Then we assume that for all

(
P∥Q1, . . . , Qr

)
∈ ∆(Ω)r+1, all

Y ∈ MR, and all y ∈ EY with P (y) ̸= 0, following implication holds:

R
(
P∥Q1, . . . , Qr

)
=⇒ R

(
P |Y =y∥Q1|Y =y, . . . , Qr|Y =y

)
.

Now, let X1, . . . , Xn ∈ M , and let R = R(X1, . . . , Xn) be a stable property of probability
tuples with r + 1 elements. Define( ˜∆(Ω)r+1

)
R :=

{(
P∥Q1, . . . , Qr

)
∈ ˜∆(Ω)r+1

∣∣ R
(
P∥Q1, . . . , Qr

)}
.

Then, define
GR := Meas

(( ˜∆(Ω)r+1
)

R,R
)

(34)

and the action .R : MR × GR → GR by[
X.Rf

](
P∥Q1, . . . , Qr

)
:=
[
X.f̃

](
P∥Q1, . . . , Qr

)
, (35)

where f̃ is any measurable extension of f to all of ˜∆(Ω)r+1. Note that this means that X.f̃ is a
measurable extension of X.Rf , and that X.Rf is thus again measurable.
Lemma 5.10. The function .R : MR × GR → GR, as defined above, is a well-defined additive
monoid action.
Proof. For well-definedness, one first needs to check that for all measurable f :

( ˜∆(Ω)r+1
)

R → R,
a measurable extension f̃ to all of ˜∆(Ω)r+1 exists: note that from the fact that R is stable and thus
measurable, we immediately obtain that

( ˜∆(Ω)r+1
)

R is a measurable subset of ˜∆(Ω)r+1. Then f̃

can, for example, be constructed by mapping all elements in ˜∆(Ω)r+1 \
( ˜∆(Ω)r+1

)
R to zero, which

is clearly measurable.
Furthermore, one needs to check that the definition is independent of the extension f̃ and the

representative of the equivalence class X. The first requirement follows from Equation (27): g
was assumed to be independent of f̃ , and f̃ is only applied to elements on which already f is
uniquely defined, due to the assumption of R being stable under conditioning. That the formula
is independent of the representative of X then follows since the original action was well-defined.

That .R is additive and 1 ∈ MR acts neutrally is obvious. We now show that the action is
associative: [

(XY ).Rf
](

P∥Q1, . . . , Qr

)
=
[
(XY ).f̃

](
P∥Q1, . . . , Qr

)
=
[
X.
(
Y.f̃)

](
P∥Q1, . . . , Qr

)
(⋆)=
[
X.R

(
Y.Rf)

](
P∥Q1, . . . , Qr

)
.

In step (⋆), we used that Y.f̃ is by definition a measurable extension of Y.Rf , which by definition
of the “outer” action .R gives the result. This finishes the proof.

13I.e., this submonoid consists of all XI for I ⊆ [n].
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Finally, let F : M → G be a function satisfying the chain rule as in Section 5.2 and define

FR : MR → GR,
[
FR(X)

]
(P∥Q1, . . . , Qr) :=

[
F (X)

]
(P∥Q1, . . . , Qr). (36)

In other words, FR(X) is just the restriction of F (X) to the tuples of probability mass functions
satisfying property R.

Proposition 5.11. Let r ≥ 0 and G be the abelian group defined in Equation (26). Assume M ,
the monoid of equivalence classes of random variables on Ω, acts additively on G by Equation (27),
and that F : M → G is a function satisfying the chain rule Equation (5).

Now, let X1, . . . , Xn be random variables on Ω and R = R(X1, . . . , Xn) a stable property of
tuples of r + 1 probability mass functions. Let MR be the submonoid generated by X1, . . . , Xn and
GR be defined as in Equation (34). Let MR act on GR as in Equation (35). Then the restricted
information function FR : MR → GR, defined in Equation (36), satisfies the chain rule:

FR(XY ) = FR(X) + X.RFR(Y ).

Proof. We have[
FR(XY )

](
P∥Q1, . . . , Qr

)
=
[
F (XY )

](
P∥Q1, . . . , Qr

)
=
[
F (X)

](
P∥Q1, . . . , Qr

)
+
[
X.F (Y )

](
P∥Q1, . . . , Qr

)
(⋆)=
[
FR(X)

](
P∥Q1, . . . , Qr

)
+
[
X.RFR(Y )

](
P∥Q1, . . . , Qr

)
=
[
FR(X) + X.RFR(Y )

](
P∥Q1, . . . , Qr

)
.

In step (⋆), in the right-hand term, we used that F (Y ) extends FR(Y ), which by definition of the
action .R results in X.F (Y ) extending X.RFR(Y ).

The preceding proposition ensures that we can apply Hu’s Theorem 2.8 to FR, which we will
make use of in the next section on Kullback-Leibler Markov chains.

In the next theorem, we restrict this setting somewhat further to obtain a result on FR-Markov
random fields that will apply to Shannon entropy, Kullback-Leibler divergence and cross-entropy.
The result will, however, as stated not apply to α-entropy and α–Kullback-Leibler divergence.

For the theorem, we make the stronger assumption that the action of M on G is given by[
X.f

](
P∥Q1, . . . , Qr

)
=
∑

x∈EX

P (x) · f
(
P |X=x∥Q1|X=x, . . . , Qr|X=x

)
, (37)

meaning that, in Equation (27), we have g(p, ⋆, . . . , ⋆) = p. Additionally, we make the assumption
that F is given by[

F (X)
](

P∥Q1, . . . , Qr

)
=
∑

x∈EX

P (x) · h
(
P (x), Q1(x), . . . , Qr(x)

)
(38)

for some function h : [0, 1]r+1 → R. Clearly, all these stronger assumptions hold for Shannon
entropy, Kullback-Leibler divergence, and cross-entropy, see, e.g., Equations (28) and (30).14

Now, fix random variables X1, . . . , Xn on Ω and a graph G = (V, E) with V = [n]. We now
define the property

MRF := MRF(G; X1, . . . , Xn). (39)
When applied to a probability tuple

(
P∥Q1, . . . , Qr

)
, this evaluates to “true” if X1, . . . , Xn form a

P -Markov random field and, for all i, a Qi-Markov random field, with respect to G. We know from
Corollary 5.6 that MRF is stable under conditioning. It is also clearly well-defined, since condi-
tional independences do not depend on the equivalence classes of the involved random variables.
Finally, it is measurable since it is a conjunction of conditional independence relations: the subset
of probability mass functions that satisfy an independence relation can by Equation (8) easily seen
to be measurable.

14To make those examples fit the framework precisely, one needs to define log(0) to be an arbitrary real number
instead of −∞. This does not change the result as log(0) is always multiplied with the coefficient 0.
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Thus, MRF is a stable property and we obtain the function FMRF that satisfies the chain
rule by Proposition 5.11. Consequently, we obtain a separation rule ⊥⊥FMRF by Proposition 4.8.
In the following, we slightly generalize from this by considering properties that imply the Markov
random field property, which is crucial in the next section when restricting to properties that are
motivated by physics.

Theorem 5.12. Let r ≥ 0 and G be the abelian group defined in Equation (26). Assume M , the
monoid of equivalence classes of random variables on Ω, acts additively on G by Equation (37),
and that F : M → G is a function of the form Equation (38) satisfying the chain rule Equation (5).

Now, let X1, . . . , Xn be random variables on Ω, G a graph with vertex set [n], and R =
R
(
G; X1, . . . , Xn

)
a stable property that implies the property MRF from Equation (39):

∀
(
P∥Q1, . . . , Qr

)
∈ ˜∆(Ω)r+1 : R

(
P∥Q1, . . . , Qr

)
=⇒ MRF

(
P∥Q1, . . . , Qr

)
.

Then X1, . . . , Xn form an FR-Markov random field with respect to G, where FR is defined as in
Equation (36) as a restriction of F .

Proof. Let A, B, C ⊆ V = [n] be disjoint vertex sets such that C separates A from B. We need
to show the FR-independence XA ⊥⊥

FR
XB | XC , which, by Proposition 4.13, is equivalent to the

equality (
XCXB

)
.RFR(XA) = XC .RFR(XA). (40)

For all
(
P∥Q1, . . . , Qr

)
∈
( ˜∆(Ω)r+1

)
R, we obtain:[(

XCXB
)
.RFR(XA)

](
P∥Q1, . . . , Qr

)
=
∑

xC,xB

P (xC , xB) ·
[
FR(XA)

](
P |XCXB=(xC,xB) ∥ Q1|XCXB=(xC,xB), . . . , Qr|XCXB=(xC,xB)

)
=
∑

xC,xB

P (xC , xB)
∑
xA

P
(
xA | xC , xB

)
· h
(

P (xA | xC , xB), Q1(xA | xC , xB), . . . , Qr(xA | xC , xB)
)

(⋆)=
∑

xC,xB

P (xC , xB)
∑
xA

P
(
xA | xC , xB

)
· h
(

P (xA | xC), Q1(xA | xC), . . . , Qr(xA | xC)
)

=
∑

xC,xA

(∑
xB

P
(
xA, xC , xB

))
· h
(

P (xA | xC), Q1(xA | xC), . . . , Qr(xA | xC)
)

=
∑
xC

P (xC)
∑
xA

P (xA | xC) · h
(

P (xA | xC), Q1(xA | xC), . . . , Qr(xA | xC)
)

=
∑
xC

P (xC) ·
[
FR(XA)

](
P |XC=xC ∥ Q1|XC=xC , . . . , Qr|XC=xC

)
=
[
XC .RFR(XA)

](
P∥Q1, . . . , Qr

)
.

In the calculation, in step (⋆) we used the assumption that

XA ⊥⊥
P

XB | XC , XA ⊥⊥
Q1

XB | XC , . . . XA ⊥⊥
Qr

XB | XC ,

which is due to
(
P∥Q1, . . . , Qr

)
∈
( ˜∆(Ω)r+1

)
R ⊆

( ˜∆(Ω)r+1
)

MRF . The other steps follow from
the definitions. Overall, this shows Equation (40), and we are done.

5.4 The Second Law of Thermodynamics
In this section, we study a weak version of the second law of thermodynamics and show that it
can be represented visually by the degeneracy of a certain Kullback-Leibler diagram.

We fix random variables X1, . . . , Xn on Ω. We now work with the rather special property
P = P(X1, . . . , Xn) of probability tuples

(
P∥Q

)
∈ ∆(Ω)2 defined as follows: P

(
P∥Q

)
holds if and

only if
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• P is absolutely continuous with respect to Q;

• X1, . . . , Xn forms a P -Markov chain and Q-Markov chain; and

• for all i ≥ 2 and all (xi−1, xi) with P (xi−1) ̸= 0, we have P (xi | xi−1) = Q(xi | xi−1).

The only difference of P and Q then stems from the initial distributions P (X1), Q(X1). In-
tuitively, the letter “P” in the property P = P(X1, . . . , Xn) is supposed to remind of “Physics”.
Namely, let (P, Q) ∈ ∆̃(Ω)2 with P

(
P∥Q

)
, then:

• i = 1, . . . , n indexes time points with equal separation;

• The value spaces EXi
model the sets of possible micro states at time point i (in reality, all

these spaces are equal to each other, but we need not make this assumption);

• P (X1) and Q(X1) are the initial distributions of P and Q, which can be considered as macro
states of the universe at some fixed point in time; later, in the context of the second law
of thermodynamics, we will choose P (X1) to be arbitrary and Q(X1) to be the uniform
distribution;

• P (xi | xi−1) = Q(xi | xi−1) models the likelihood that xi−1 evolves to xi according to
the “physical laws” described by P and Q; In reality, the physical laws are fixed and time
independent, which means there is one transition matrix T such that P (xi | xi−1) = Q(xi |
xi−1) = T (xi | xi−1) for all i and all xi−1, xi, but we do not yet make this stronger assumption;

• P (Xi) and Q(Xi) are the macro states of the universe at time points i when evolving P (X1)
and Q(X1) according to the “physical laws” specified by P and Q. These laws are equal to
each other by assumption.

In the following, we want to investigate a weak version of the second law of thermodynamics,
which states that under some conditions, entropy cannot decrease over time. We show this by first
investigating the Kullback-Leibler diagram for the property P in Theorem 5.13, which will lead to
the desired result in Corollary 5.14.

Formally, let D : M → Meas
(

∆̃(Ω)2,R
)

be the Kullback-Leibler divergence, see Equation (30).
The property P is stable under conditioning by Proposition 5.8, and is also easily seen to be measur-
able and well-defined. Therefore, by Proposition 5.11, the restricted Kullback-Leibler divergence

DP : MP → Meas
((

∆̃(Ω)2
)

P ,R
)

=: GP

satisfies the chain rule, where MP is the monoid generated by X1, . . . , Xn. Accordingly, by Hu’s
Theorem 2.8, we obtain a corresponding GP -valued measure D̃P : 2X̃ → GP . The following
theorem shows that this measure degenerates, as visualized in Figure 9:

Theorem 5.13 (Structure of the DP -diagram). Let D : M → G be the Kullback-Leibler divergence
from Equation (30). Let X1, . . . , Xn be random variables on Ω and consider the property P =
P(X1, . . . , Xn) defined above, leading to a restriction DP : MP → GP and a GP -valued measure
D̃P : 2X̃ → GP . One has the following:

• For all atoms pI where I does not only consist of consecutive numbers, one has D̃P(pI) = 0;

• Let p[i:k] with 1 ≤ i ≤ k ≤ n be an atom that consists of only consecutive numbers. If i ≥ 2,
then D̃P

(
p[i:k]

)
= 0.

Proof. By Proposition 3.6 and Theorem 5.12, X1, . . . , Xn forms a DP -Markov random field with
respect to the graph G with edges i−(i + 1) for i = 1, . . . , n − 1. By Proposition 3.6 again, we
know that this is equivalent to forming a DP–Markov chain. Then by Corollary 4.24, one has
D̃P(pI) = 0 if I ⊆ [n] does not only consist of consecutive numbers. Thus, only the atoms pI of
the form I = [i : k] are of relevance for the DP -diagram.
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Figure 9: If one restricts the set of tuples (P, Q) of probability mass functions to those that have
equal transition probabilities and individually give rise to a Markov chain X1, . . . , Xn, then this leads to
a restricted Kullback-Leibler divergence DP and the corresponding measure D̃P . Theorem 5.13 shows
that in the corresponding DP -diagram, only atoms of the form p12...k remain. This is visualized here
for the case n = 4 by omitting all atoms that are mapped to zero by D̃P . Intuitively, the Kullback-
Leibler divergence shrinks over time. In particular, this leads by Hu’s Theorem 2.8 to the chain rule
DP(Xi−1) = DP(Xi) + Xi.DP(Xi−1), which we use in the proof of Corollary 5.14 to deduce a weak
version of the second law of thermodynamics.

Let i ≥ 2. Using Lemma 4.4, Corollary 4.25, and Equation (6), we have

D̃P
(
p[i:k]

)
=
(
X[i−1]X[k+1:n]

)
.DP

(
Xi; . . . ; Xk

)
=
(
X[i−1]X[k+1:n]

)
.DP

(
Xi; Xk

)
=
(
X[i−1]X[k+1:n]

)
.DP

(
Xi

)
−
(
X[i−1]X[k:n]

)
.DP

(
Xi

)
=
(
X[i−2]X[k+1:n]

)
.
(

Xi−1.DP
(
Xi

))
−
(
X[i−2]X[k:n]

)
.
(

Xi−1.DP
(
Xi

))
Since the monoid action sends zero elements to zero, it is enough to show Xi−1.DP(Xi) = 0. For
arbitrary

(
P∥Q

)
∈
(
∆̃(Ω)2

)
P , we have[

Xi−1.DP(Xi)
](

P∥Q
)

=
∑
xi−1

P (xi−1) ·
[
DP(Xi)

](
P |Xi−1=xi−1 ∥ Q|Xi−1=xi−1

)
=
∑
xi−1

P (xi−1)
∑
xi

P (xi | xi−1) · log P (xi | xi−1)
Q(xi | xi−1)

=
∑
xi−1

P (xi−1)
∑
xi

P (xi | xi−1) · log 1

= 0,

where in the third step we used the assumptions of equal transition probabilities, which holds since
P(P∥Q) is true. That was to show.

We deduce the following weak version of the second law of thermodynamics:

Corollary 5.14 (Second Law of Thermodynamics). Let all notation be as above. Assume that the
joint X1 · · · Xn : Ω → EX1 × · · · × EXn

is surjective. Let P be a probability mass function on Ω
such that X1, . . . , Xn forms a P -Markov chain. Assume that EXi = EXj for all i, j = 1, . . . , n and
that there is a time-independent doubly stochastic transition matrix T such that P (xi | xi−1) =
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T (xi | xi−1) for all i = 2, . . . , n and (xi−1, xi) with P (xi−1) ̸= 0. Let I : M → G be the Shannon
entropy, as defined in Equation (28). Then for all i = 2, . . . , n, one has[

I(Xi−1)
]
(P ) ≤

[
I(Xi)

]
(P ),

i.e., entropy cannot decrease.

Proof. The proof is a diagrammatic representation of the reasoning in Cover and Thomas [2006],
Chapter 4.4. Let Q be any probability mass function on Ω such that

• QX1 is the uniform distribution on X1;

• Q(xi | xi−1) = T (xi | xi−1) for all i = 2, . . . , n and (xi−1, xi).15

Then, as is well-known, the fact that T is doubly stochastic implies that QXi is uniform for all
i = 1, . . . , n. Let D be the Kullback-Leibler divergence. We obtain

[
D(Xi−1)

]
(P∥Q) = −

∑
xi−1

P (xi−1) log Q(xi−1)
P (xi−1)

= −
∑
xi−1

P (xi−1) log 1∣∣EXi−1

∣∣ −
[
I(Xi−1)

]
(P )

= C −
[
I(Xi−1)

]
(P ),

where C is a constant, i.e., independent of i, P and Q, and where the uniformity of QXi−1 was
used in the second step. Thus, it is enough to show that

[
D(Xi−1)

]
(P∥Q) satisfies the following

inequality: [
D(Xi−1)

]
(P∥Q) ≥

[
D(Xi)

]
(P∥Q).

Now, note that P ≪ Q since Q is nowhere zero. Also, by assumption, P and Q both have equal
transition probabilities given by T . We obtain

(
P∥Q

)
∈
(

∆̃(Ω)2
)

P
. Thus, Theorem 5.13, as

visualized by Figure 9, shows[
D(Xi−1)

]
(P∥Q) =

[
D(Xi)

]
(P∥Q) +

[
Xi.D(Xi−1)

]
(P∥Q) ≥

[
D(Xi)

]
(P∥Q), (41)

where in the last step we used that conditional Kullback-Leibler divergence is non-negative. That
was to show.

5.5 Diffusion Models
We briefly elaborate another simple illustration of our theory, namely its help in deriving the
explicit decomposition of the evidence lower bound (ELBO) in diffusion models [Sohl-Dickstein
et al., 2015]. Diffusion models are used in text-to-image generation models like Dalle [Ramesh
et al., 2021] and Imagen [Saharia et al., 2022] that recently received widespread attention.

In the classical formulation of diffusion models, the data is assumed to come from a distribution
Q(X) ∈ ∆(EX) that is progressively transformed by fixed conditional noise distributions Q(Z1 | X)
and Q(Zt | Zt−1), t = 2, . . . , T over latent value spaces EZ1 , . . . , EZT

. One can then form the joint
distribution Q(X, Z) = Q(X) · Q(Z1 | X) ·

∏T
t=2 Q(Zt | Zt−1). X, Z1, . . . , ZT then form a Markov

chain with respect to Q.
The goal for diffusion models is to learn a model distribution P (X) that is close to the data

distribution Q(X). This is done by fixing a latent distribution P (ZT ) and initializing denoising
distributions P (Zt−1 | Zt), t = 2, . . . , T and P (X | Z1) that are parameterized by deep neural
networks. As before, one can then also build the joint distribution P (X, Z) = P (ZT )·

∏T
t=2 P (Zt−1 |

Zt) · P (X | Z1). Clearly, ZT , . . . , Z1, X then form a Markov chain with respect to P , and due to
symmetry (compare Proposition 3.6), also X, Z1, . . . , ZT form a Markov chain with respect to P .

15To see that this exists, first construct a joint distribution on EX1 ×· · ·×EXn with these properties by multiplying
the initial distribution with all the transitional distributions. Then, “pull it back” to Ω, for which there is at least
one possible construction since the joint X1 · · · Xn is surjective.
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Now, fix a datapoint x ∈ EX sampled from Q(X). Since minimizing the Kullback-Leibler
divergence between Q(X) and P (X) is equivalent to maximizing the log-likelihood of P (X) for
datapoints sampled from Q(X), the goal is to make a gradient step that increases log P (x). In
diffusion models, this is accomplished by constructing a so-called evidence-lower bound (ELBO)
of this objective that can easily be optimized with respect to the neural network parameters and
does not require intractable summations. This is in contrast to the marginal P (x), which is a sum
over all z ∈ EZ1 × · · · × EZT

. The main result is as follows:

Proposition 5.15 (Computing the ELBO for diffusion models). Assume P (ZT ) is fixed and that
Q(ZT | x) = P (ZT ).16 Define the ELBO by

L(x) :=
∑

z
Q(z | x) log P (x, z)

Q(z | x) .

Then L(x) ≤ log P (x) and

L(x) =
∑
z1

Q(z1 | x) log P (x | z1) −
T∑

t=2

∑
zt

Q(zt | x) · D
(

Q(Zt−1 | zt, x)
∥∥ P (Zt−1 | zt)

)
.17 (42)

Proof. The two claims involve two different factorizations of P (x, z). For the first claim, we note

L(x) =
∑

z
Q(z | x) log P (x) · P (z | x)

Q(z | x)

= log P (x) − D
(
Q(Z | x) ∥ P (Z | x)

)
≤ log P (x),

which follows from the non-negativity of Kullback-Leibler divergence.
For the second claim, we note

L(x) =
∑

z
Q(z | x) log P (x | z) · P (z)

Q(z | x)

=
∑

z
Q(z | x) log P (x | z) − D

(
Q(Z | x) ∥ P (Z)

)
Now, since ZT , . . . , Z1, X form a Markov chain with respect to P , we have P (x | z) = P (x | z1),
and so the left part of the formula simplifies:∑

z
Q(z | x) log P (x | z) =

∑
z1

Q(z1 | x) log P (x | z1).

Thus, it just remains to evaluate the Kullback-Leibler divergence. We first perform the computation
and then justify our steps:

D
(
Q(Z | x) ∥ P (Z)

) (1)=
[
D(Z)

](
Q|X=x ∥P

)
(2)=
[

T∑
t=2

Zt.D(Zt−1) + D(ZT )
](

Q|X=x ∥P
)

(3)=
T∑

t=2

∑
zt

Q(zt | x) · D
(

Q(Zt−1 | zt, x)
∥∥ P (Zt−1 | zt)

)
+ D

(
Q(ZT | x) ∥ P (ZT )

)
.

16In practice, this is achieved by adding so much noise to x over the Markov chain Q that eventually, all information
in x is destroyed.

17For simplicity, we write D
(

Q(Y )∥P (Y )
)

for [D(Y )](Q∥P ).
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Since Q(ZT | x) and P (ZT ) are assumed identical, the last Kullback-Leibler divergence disappears,
proving the original claim.

We now justify the steps. Step (1) just makes explicit that Kullback-Leibler divergence is a
function whose arguments are a random variable followed by a pair of distributions, see Equa-
tion (30).

For step (2), remember that X, Z1, . . . , ZT form a Markov chain with respect to P and Q. The
Markov chain property is conditionally stable by Corollary 5.6 and the fact that Markov chains
are special Markov random fields (Proposition 3.6). Thus, X, Z1, . . . , ZT also form a Markov chain
with respect to Q|X=x. Consequently, by Theorem 5.12, the restriction of D to the Markov chain
property gives rise to a D-Markov chain. Thus, using Corollary 4.24, as visualized in Figure 8,
together with Hu’s Theorem (Theorem 2.8), gives rise to the decomposition in step (2).

Step (3) simply uses the definition of the monoid action, Equation (29). This proves the
claim.

Comparing with the exposition in Bishop and Bishop [2023], we see that our derivation avoids a
few complications: We do not need to compute explicit Bayesian posteriors, reason about marginal-
izations over many variables, or reason about terms that cancel each other. Since the Kullback-
Leibler divergence is ubiquitous in machine learning, we think there could be many similar applica-
tions of our work that aim to find decompositions of loss functions over Markov random fields. We
think that for Markov random fields that are more complex than the Markov chains encountered
in diffusion models, our formalism could make finding useful decompositions and approximations
of loss functions simpler than the alternative of more low-level reasoning.

6 Discussion
6.1 Major Findings: Characterizations of F–FCMIs, F–Markov Random Fields, and

Probabilistic Applications
In this work, we have generalized the main results in Yeung et al. [2002], which characterize proba-
bilistic full conditional mutual independences and Markov random fields in terms of I-diagrams [Hu,
1962, Yeung, 1991]. In doing so, we replaced the Shannon entropy I with any function F : M → G
from a commutative, idempotent monoid M to an abelian group G that satisfies the chain rule:

F (XY ) = F (X) + X.F (Y ).

The dot denotes an additive monoid action of M on G that generalizes the conditioning of infor-
mation functions on random variables.

Consequently, we also replaced the familiar probabilistic conditional P -independence — which
is characterized by a vanishing of conditional mutual information — by F -independence:

X ⊥⊥
F

Y | Z :⇐⇒ Z.F (X; Y ) = 0.

This independence relation gives rise to a separoid [Dawid, 2001], as we have shown in Proposi-
tion 4.8, a powerful framework in which one can study conditional independence relations. Sepa-
roids generally also allow us to study conditional mutual independences and full conditional mutual
independences (FCMIs). These can be used to characterize Markov random fields by the cutset
property, as was first observed in Yeung et al. [2002] for the classical case — see Section 3.2. When
specializing to the separoid with the independence relation given by ⊥⊥F we obtained the notions
of F -FCMIs and F -Markov random fields that generalize the probabilistic counterparts.

By the generalized Hu Theorem 2.8 from Lang et al. [2025], for fixed elements X1, . . . , Xn ∈ M ,
one obtains a G-valued measure F̃ that describes relations of information terms XJ .F

(
XL1 ; . . . ; XLq

)
of arbitrary degree q, where J, L1, . . . , Lq ⊆ [n] are any subsets. These can then be visualized in
F -diagrams, as we show for n = 3 in Figure 2. The core question asked in this work — general-
izing the investigations in Yeung et al. [2002] — was how F -FCMIs and F -Markov random fields
can be characterized in terms of the F -diagram. In Theorem 4.21, we found that F -FCMIs are
characterized by a vanishing of the F -diagram on the atoms in the image of the corresponding
conditional partition, see also Figures 6 and 7.
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This results in a characterization of F -Markov random fields for a graph G, Theorem 2.21, that
is easy to interpret: an atom pW disappears in the F -diagram if and only if it is disconnected,
meaning that the vertex set W is disconnected when removing the vertices outside of W from G.
We visualized this result in Figure 3 for Shannon entropy, though the basic picture applies for
arbitrary F . A visualization for the special case of a path-shaped graph — recovering F -Markov
chains — can be found in Figure 8.

When looking closely at the results, which are always given as an equivalence of two or more
statements, it becomes clear that one direction is always easy to prove — namely, if one starts
assuming that a suitable set of atoms disappears in the F -diagram, then one can easily deduce an F -
FCMI from it (possibly in the context of an F -Markov random field). After all, F̃ is a measure, and
so the vanishing of a set of atoms automatically leads to the vanishing of all sets composed of these
atoms, and this includes by Hu’s Theorem 2.8 precisely the sets encoding the F -FCMIs. However,
going in the other direction is harder: why should an F -FCMI induce the vanishing of specific
atoms? This problem is addressed by our main technique “subset determination”, Theorem 4.1.
It implies that whenever F̃ (A) = 0 for some set of atoms A, then we also have F̃ (B) = 0 for all
subsets B ⊆ A, and in particular, F̃ (pI) = 0 for all atoms pI ∈ A. This is essentially based on
inclusion-exclusion type arguments for F -diagrams, and uses the monoid action from M on G.
We illustrate how to use subset determination to our advantage in Figure 5. Essentially, subset
determination replaces the use of inequalities in the original work [Yeung et al., 2002].

We then applied our results to the case where the information functions apply to probability
mass functions. In Lemma 5.10 and Proposition 5.11 we showed that it is possible to restrict
a general notion of information functions to conditionally stable properties while preserving the
monoid action and the chain rule, which is similar to the use of adapted probability functors in
information cohomology [Vigneaux, 2019]. Then, in Theorem 5.12, we restricted a narrower set
of information functions F — including Shannon entropy, Kullback-Leibler divergence, and cross-
entropy — to stable properties R that imply the Markov random field property. The restriction
FR then gives rise to an FR–Markov random field; consequently, disconnected atoms disappear
from the FR-diagram.

In Theorem 5.13, we applied this to the case of tuples of probability mass functions that give
rise to a Markov chain and have the same conditional distributions — reminiscent of physics, where
the conditional distributions are governed by the physical laws. It turns out that the correspond-
ing D-diagram degenerates even further than the Markov chain property alone would predict; the
Kullback-Leibler divergence of all regions outside the initial random variable disappears. The rea-
son is that in those regions, one “conditions” on the initial variable according to Hu’s Theorem 2.8,
and since the conditional distributions are the same, one obtains zero Kullback-Leibler divergence.

The result is an ever-shrinking18 sequence of Kullback-Leibler divergences across the Markov
chain, as we visualize in Figure 9. This has the following consequence: if one of the two distributions
is uniform, then the other one cannot move further away from it as measured by the Kullback-
Leibler divergence, which means that its entropy cannot decrease over time. This is a weak version
of the second law of thermodynamics, see Corollary 5.14.

Finally, we also used the Kullback-Leibler decomposition over Markov chains that results from
Theorem 5.12 to obtain a conceptually simple derivation of the evidence lower bound in diffusion
models, Proposition 5.15. This avoids some of the explicit computations used in prior expositions.

It is important to note that in most of these probabilistic results, we take a view in which
information functions are still functions of yet unspecified probability mass functions. We simply
restrict the sets of probability mass functions to those that satisfy stable properties, and can
thereby preserve our general theory, the monoid action, and the “subset determination” property,
Theorem 4.1, that does not generally hold for fixed probability mass functions. This raises the
question of whether the P -independence results in Yeung et al. [2002] are actually covered by
our work. We answer this affirmatively in Appendix D. In the corresponding proofs, we use the
fact that a P -independence X ⊥⊥

P
Y | Z is equivalent to the vanishing of the conditional mutual

P -information
[
Z.I(X; Y )

]
(P ), which is usually proved using Jensen’s inequality. This reduction

is then the only place where inequalities enter the theory, whereas they take a more central role in
the proofs in Yeung et al. [2002].

18More precisely: non-increasing.
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Further Findings: F -(Dual )Total Correlation, Cohomological Characterizations of Functions F , and
Further Consequences

Our proof of the F -diagram characterization of F -FCMIs uses Theorem 4.15, in which we char-
acterize conditional mutual F -independences by the vanishing of F -dual total correlation. This
relates to F in the same way that the classical dual total correlation from Han [1978] relates to
Shannon entropy:

DTCF (X1; . . . ; Xn) := F
(
X[n]

)
−

n∑
i=1

X[n]\i.F (Xi).

Conditional F -dual total correlation Y.DTCF

(
X1, . . . , Xn

)
corresponds by Hu’s Theorem 2.8 to a

set of atoms, which coincide with those that vanish based on a conditional mutual F -independence
F : ⊥⊥n

i=1 Xi | Y . Again, we were able to use subset determination, Theorem 4.1, to prove the
characterization.

In Appendix B, we also investigated F -total correlation, which generalizes the classical total
correlation from Watanabe [1960]. We showed that it can also usually be used for a characterization
of mutual F -independences. However, since it double-counts some atoms, the characterization
only works for torsion-free groups G, and we provide a counter example in the case of torsion, see
Example B.5. This is not a strong restriction — all groups that are used in practice seem to be
derived from the real numbers R, and therefore inherit the property to be torsion-free.

Subset determination implies that F
(
X[n]

)
determines the whole F -diagram for the variables

X1, . . . , Xn. In Appendix A, this led to a classification of functions F : M → G satisfying the chain
rule, in the case that M has a “top element” — similar to how X[n] is “on top” of all elements
XI for I ⊆ [n]. We could show that such functions F correspond precisely to elements in G that
are annihilated by the top element, which we also used in our constructions for Example B.5. In
Remark A.6, we explained a cohomological interpretation of these findings: the first Hochschild
cohomology group of M with coefficients in G disappears. This is in contrast to information
cohomology [Baudot and Bennequin, 2015, Vigneaux, 2019], where the joint locality property
ensures that the first cohomology group is nontrivial; in fact, it is generated by Shannon entropy!

Finally, in Appendix C, we explain that all results from Yeung et al. [2019] except those that
depend on an order relation also generalize to our setting. Overall, this means that we have
generalized most of the results in Kawabata and Yeung [1992], Yeung [1991], Yeung et al. [2002,
2019] from Shannon entropy to general functions F satisfying the chain rule.

6.2 Conceivable Extensions of the Theory and Open Questions
K-Independence and Kolmogorov Complexity

We have set up the theory in such a way that it could in principle be extended beyond F -
independence, since Section 3 introduces conditional (mutual) independences, Markov random
fields, and Markov chains in the general context of separoids. In this context, we also charac-
terized Markov random fields — defined in terms of the global Markov property — by the cutset
property (Proposition 3.5), and showed that Markov chains can be equivalently described as Markov
random fields corresponding to a path-shaped graph (Proposition 3.6).

We can think of one concrete way to potentially go beyond F -independence. Namely, Lang
et al. [2025] also studied the case of functions K : M × M → G satisfying the chain rule absent
of any monoid action of M on G: K(XY ) = K(X) + K(Y | X), where K(Z) := K(Z | 1). One
could then define the K-independence by X ⊥⊥

K
Y | Z if K(X; Y | Z) = 0.

One can then ask questions similar to the ones answered in this work: In what generality
is (M, ⊥⊥K) a separoid? And when it is, does it allow to characterize conditional mutual K-
independences and K-Markov random fields in terms of K-diagrams? Note that K-diagrams do
indeed exist, as proven in Corollary 3.3 in Lang et al. [2025]. However, we expect ⊥⊥K to not
always satisfy the separoid axioms since our proof of the separoid axioms in Proposition 4.8 made
use of subset determination, Theorem 4.1, which in turn builds on the monoid action which is not
available in the setting using K.

In a specific case of interest, K would be a version of Kolmogorov complexity [Li and Vitányi,
2019], especially Chaitin’s prefix-free Kolmogorov complexity [Chaitin, 1987], restricted to sets
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of strings that satisfy approximate independence relations. The fact that conditional mutual
Kolmogorov complexity K(x; y | z) is approximately non-negative implies that the separoid rules
can be proved in this case, see Steudel et al. [2010].

F -Bayesian Networks

Additionally, it would be interesting to attempt to go beyond Markov random fields by studying
Bayesian networks. A priori, they can be defined in general separoids using the d-separation
criterion for a directed acyclic graph [Pearl, 1985]. This can then be applied to the case of a
separation ⊥⊥F coming from a function F satisfying the chain rule.

When applying such a theory to the probabilistic case, however, one will likely encounter prob-
lems: F -independences can only model conditionally stable cases, see Proposition 4.9. However,
the independences in Bayesian networks are, due to colliders, not preserved under conditioning, see
Remark 4.10. Therefore, this property is not stable, Definition 5.9. When restricting information
functions to such sets of probability mass functions, one thus loses the monoid action that makes
use of conditioning. Since the monoid action is crucially used in our main technique — subset
determination, Theorem 4.1 — we expect such a theory to take a different route from the one for
F–Markov random fields. Nevertheless, Steudel et al. [2010], Theorem 1, provides an information
characterization of causal Bayesian networks for submodular information functions, which can be
used as an inspiration.

O-Information and S-Information

In Rosas et al. [2019] and Medina-Mardones et al. [2021], the O-information and S-information
were defined as the difference and sum of the classical total correlation and dual total correlation,
respectively. We have showed in this work that F -(dual )total correlation preserves its value
in studying conditional mutual F -independences, and we therefore expect that F–O-information
and F–S-information might provide useful insights into general characterizations of high-order
interdependencies.

(Cluster) Cross-Entropies and Kullback-Leibler Divergence

We think it is worthwhile to study the case where F is cross-entropy or Kullback-Leibler divergence
in greater detail. After all, much of machine learning and deep learning involves the minimization
of a cross-entropy, or equivalently Kullback-Leibler divergence [Bishop, 2007, Bishop and Bishop,
2023]. This becomes especially interesting for graphical methods, including diffusion models [Sohl-
Dickstein et al., 2015] that form the basis for widespread text-to-image generation methods like
Dalle [Ramesh et al., 2021], Imagen [Saharia et al., 2022], and stable diffusion [Rombach et al.,
2022]. Diffusion models involve a decomposition of a joint Kullback-Leibler divergence over a
Markov chain as in Figure 8. It could be valuable to analyze the loss functions of more such
graphical methods using Kullback-Leibler and cross-entropy-diagrams. Similarly, the (cluster)
cross-entropies (see Section 5.2) used in adaptive cluster expansion [Cocco and Monasson, 2012] of
Ising models, which form a Markov random field, deserve a further study.

Conclusion
In this work we showed that it is possible to use the framework of general F -diagrams to study
generalized notions of independences and Markov random fields. In the process, we generalized
well-known notions like the (dual) total correlation and developed new methods such as subset
determination. We were able to apply the general theory to the probabilistic case, and in particular
to Kullback-Leibler diagrams on Markov chains. We think it is worthwhile to look into research
areas such as machine learning, where graphical models and information functions such as cross-
entropy are widespread, and to apply our generalized information-theoretic insights to such settings.
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Appendix

A Cohomological Characterization of Functions Satisfying the Chain
Rule

In this appendix we expand on Remark 4.7 and show how functions F satisfying the chain rule can
be classified. We will also interpret that result in terms of the vanishing of a cohomology group of
degree 1. In this whole section, let M be a commutative, idempotent monoid acting additively on
an abelian group G.

Definition A.1 (Bounded Monoid, Top Element). M is called bounded if it contains a top
element, i.e., an element ⊤ ∈ M such that X · ⊤ = ⊤ for all X ∈ M .

With the relation ≾ on M defined by X ≾ Y if and only if X ·Y = Y , we see that a top element
is equivalently described as the greatest element in M .

Clearly, top elements are unique.

Notation A.2. We denote by

CR(M, G) :=
{

F : M → G
∣∣ ∀X, Y ∈ M : F (XY ) = F (X) + X.F (Y )

}
the set of functions satisfying the chain rule Equation (5).

Note that CR(M, G) is itself an abelian group with addition

(F + F ′)(X) := F (X) + F ′(X).

Additionally, it carries an induced and well-defined additive monoid action . : M × CR(M, G) →
CR(M, G) given by

(X.F )(Y ) := X.F (Y ).

Notation A.3. Let X ∈ M be any element. We denote by

GX :=
{

g ∈ G
∣∣ X.g = 0

}
the elements in G that are annihilated by X. This is a subgroup of G. Furthermore, the action of
M on G restricts to a well-defined additive monoid action M × GX → GX .

Definition A.4 (Module Homomorphism, Module Isomorphism). Let G, H both be groups carrying
an additive monoid action from M , which by abuse of notation we denote with the same symbol:

. : M × G → G, . : M × H → H.

A function Φ : G → H is called a module homomorphism if

• Φ is a group homomorphism: Φ(g + g′) = Φ(g) + Φ(g′) for all g, g′ ∈ G;

• Φ commutes with the monoid actions: Φ(X.g) = X.Φ(g) for all X ∈ M , g ∈ G.

A module isomorphism is a bijective module homomorphism.

The following proposition shows that the functions F : M → G that satisfy the chain rule are,
for bounded M with top element ⊤, essentially the same as the elements in G that are annihilated
by ⊤.

Proposition A.5. Let M be a bounded, commutative, idempotent monoid with top element ⊤, G
an abelian group, and . : M × G → G an additive monoid action. Define the pair of functions

CR(M, G) G⊤

Φ

Ψ
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as follows:

∀F ∈ CR(M, G) : Φ(F ) := F (⊤);
∀g ∈ G⊤ : Ψ(g) : M → G,

[
Ψ(g)

]
(X) := g − X.g.

Then Φ and Ψ are mutually inverse module isomorphisms.

Proof. For Φ, we need to check well-definedness, i.e., that F (⊤) ∈ G⊤ for all F ∈ CR(M, G).
Indeed, we have

F (⊤) = F (⊤⊤) = F (⊤) + ⊤.F (⊤)
by the chain rule, from which ⊤.F (⊤) = 0 follows. It is clear that Φ is a module homomorphism.

For Ψ, we also need to check that it is well-defined, i.e., that Ψ(g) satisfies the chain rule for
all g ∈ G⊤. Indeed, we have[

Ψ(g)
]
(XY ) = g − (XY ).g

= g − X.g + X.g − X.(Y.g)
=
[
Ψ(g)

]
(X) + X.

[
g − Y.g

]
=
[
Ψ(g)

]
(X) + X.

[
Ψ(g)

]
(Y ).19

That Ψ is a module homomorphism is clear.
It remains to show that Ψ and Φ are inverse to each other. By definition of G⊤, we have for

all g ∈ G⊤: (
Φ ◦ Ψ

)
(g) = Φ

(
Ψ(g)

)
=
[
Ψ(g)

]
(⊤) = g − ⊤.g = g.

In the other direction, let F ∈ CR(M, G) arbitrary. For all X ∈ M , we have X · ⊤ = ⊤ by
definition of ⊤ and therefore

F (⊤) = F (X · ⊤) = F (X) + X.F (⊤)

by the chain rule. It follows[(
Ψ ◦ Φ

)
(F )
]
(X) =

[
Ψ
(
Φ(F )

)]
(X) =

[
Ψ
(
F (⊤)

)]
(X) = F (⊤) − X.F (⊤) = F (X).

This means
(
Ψ ◦ Φ

)
(F ) = F , and we are done.

Remark A.6 (Cohomological Interpretation). For the interested reader, we interpret the preceding
result in cohomological terms. Namely, consider the following cochain complex:

G = Maps(M0, G) Maps
(
M, G

)
Maps

(
M2, G

)
. . .Ψ δ

Here, define Ψ as in Proposition A.5 by
[
Ψ(g)

]
(X) := g − X.g and δ by[

δ(F )
]
(X; Y ) := X.F (Y ) − F (XY ) + F (X).

These are Hochschild coboundary maps, as originally defined in Hochschild [1945], and also used
for information cohomology in Baudot and Bennequin [2015], Vigneaux [2019]. Now, the fact that
Ψ is well-defined in Proposition A.5, i.e. that it only maps to functions satisfying the chain rule,20

can now be expressed equivalently by saying that δ◦Ψ = 0, a crucial property for cochain complexes.
The reason for this is that Ker(δ) = CR(M, G) is precisely the set of functions satisfying the chain
rule. This allows to define the first cohomology group of the complex, given by Ker(δ)/ Im(Ψ).

Now, the fact that Ψ is surjective in the preceding proposition — meaning that it hits every
function satisfying the chain rule — can now be expressed with Im(Ψ) = Ker(δ), meaning the

19Actually, the assumption g ∈ G⊤ was not used in this computation. It works for all g ∈ G, which we use in
Remark A.6

20Which, as we remarked, holds for Ψ defined on all of G.

Compositionality, Volume 8, Issue 1 (2026) 48



Leon Lang, Clélia de Mulatier, Rick Quax, Patrick Forré, Abstract Markov Random Fields

first cohomology group vanishes: Ker(δ)/ Im(Ψ) = 0. This is shown by explicitly constructing the
inverse Φ.

Finally, the preceding proposition also shows that Ψ is injective when restricting to G⊤.
Now, consider the case that M is the monoid of equivalence classes of random variables on

Ω and G = Meas
(
∆(Ω),R

)
. Then the preceding discussion would suggest that Shannon entropy

I disappears in the first cohomology group. At first sight, one might think this contradicts the
fundamental result of information cohomology, which shows that the first cohomology group is
non-trivial and generated by Shannon entropy [Baudot and Bennequin, 2015]. The difference is
explained by noting that Baudot and Bennequin [2015] also require their cochains to satisfy the
joint locality property, which means that their cochains of degree zero are necessarily constant.

B Conditional Mutual F -Independences and F -Total Correlation
In this appendix, we provide a characterization of conditional mutual F -independences using F–
total correlation. Different from the characterization using F–dual total correlation in Theo-
rem 4.15, this characterization will only work when imposing an additional assumption on G,
namely that it is torsion-free. The reason is that F–total correlation double counts atoms in the
F -diagram; from a vanishing of the F–total correlation, one can then a priori only conclude that a
multiple of each of the contained atoms disappears, and one needs G to be torsion-free to be able
to reduce the coefficient to 1.

As in the main text, we fix a commutative, idempotent monoid M acting additively on an
abelian group G and a function F : M → G satisfying the chain rule Equation (5).

Proposition B.1. Let X1, . . . , Xn ∈ M . Then for all ∅ ̸= I ⊆ [n], we have the following identities
relating F–total correlation to higher F -interactions:

1. TCF

( ;
i∈I

Xi

)
=
∑

∅̸=L⊆I

(
|L| − 1

)
· XI\L.F

( ;
l∈L

Xl

)
;

2.
(

|I| − 1
)

· F
( ;

i∈I
Xi

)
=
∑

∅̸=L⊆I(−1)|I|−|L| · XI\L.TCF

( ;
l∈L

Xl

)
.

Proof. To prove part 1, let the Xi, i ∈ I be the full set of elements in Theorem 2.8. Then we
obtain

TCF

( ;
i∈I

Xi

)
=
∑
i∈I

F (Xi) − F (XI)

=
∑
i∈I

F̃
(
X̃i

)
− F̃

(
X̃I

)
=
∑
i∈I

∑
L⊆I,i∈L

F̃ (pL) −
∑

∅̸=L⊆I

F̃ (pL)

=
∑

∅̸=L⊆I

∑
i∈L

F̃ (pL) −
∑

∅̸=L⊆I

F̃ (pL)

=
∑

∅̸=L⊆I

(
|L| − 1

)
· F̃ (pL).

Now, note that F̃ (pL) = XI\L.F
( ;

l∈L
Xl

)
by Lemma 4.4. The result follows.
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To prove part 2, we evaluate the right-hand-side using part 1 on each summand:∑
∅̸=L⊆I

(−1)|I|−|L| · XI\L.TCF

( ;
l∈L

Xl

)
=

∑
∅̸=L⊆I

(−1)|I|−|L| · XI\L.

( ∑
∅̸=K⊆L

(
|K| − 1

)
· XL\K .F

( ;
k∈K

Xk

))
=

∑
∅̸=L⊆I

∑
∅̸=K⊆L

(−1)|I|−|L| ·
(

|K| − 1
)

· XI\K .F
( ;

k∈K
Xk

)
=

∑
∅̸=K⊆I

(−1)|I| ·
(

|K| − 1
)

·

( ∑
L: K⊆L⊆I

(−1)|L|

)
· XI\K .F

( ;
k∈K

Xk

)
.

=
∑

∅̸=K⊆I

(−1)|I| ·
(

|K| − 1
)

· (−1)|K| · 1I=K · XI\K .F
( ;

k∈K
Xk

)
= (−1)2·|I| ·

(
|I| − 1

)
· XI\I .F

( ;
i∈I

Xi

)
=
(

|I| − 1
)

· F
( ;

i∈I
Xi

)
.

In the fourth step, we used Lemma 4.6.

Definition B.2 (Torsion-Free Abelian Group). Let G be an abelian group. Then G is called
torsion-free if 0 ∈ G is the only element of finite order. In other words, for all 0 ̸= g ∈ G and all
0 < k ∈ N, we have k · g ̸= 0. Equivalently, for all k ∈ N and g ∈ G, if k · g = 0 then k = 0 or
g = 0.

Example B.3. The groups Z, R, Meas
(
∆(Ω),R

)
and all other groups encountered in Section 5

are torsion-free. Z/kZ for k ≥ 1 is a prototypical example of an abelian group with torsion:
k · 1 = 0.

Theorem B.4. Let M be a commutative, idempotent monoid acting additively on a torsion-free
abelian group G. Let F : M → G be a function satisfying the chain rule Equation (5). Let
X1, . . . , Xn, Y ∈ M . Then the following properties are equivalent:

1. F : ⊥⊥n
i=1 Xi | Y ;

2. Y.TCF

( ;
i∈[n]Xi

)
= 0;

3. (Y X[n]\I).TCF

( ;
i∈I

Xi

)
= 0 for all ∅ ̸= I ⊆ [n].

Proof. Assume 1. To prove 2, we use that by Proposition 3.2, we have Xi ⊥⊥
F

X[i−1] | Y for all
i = 1, . . . , n. By Proposition 4.13, this implies Y.F

(
X[i]

)
= Y.F

(
X[i−1]

)
+ Y.F (Xi). Inductively,

we obtain Y.F
(
X[n]

)
=
∑n

i=1 Y.F (Xi) and therefore Y.TCF

( ;
i∈[n]Xi

)
= 0.

Now assume 2. To prove 3, we note

0 = X[n]\I .
(

Y.TCF

( ;
i∈[n]Xi

))
= Y.

(
X[n]\I .

( n∑
i=1

F (Xi) − F
(
X[n]

)))

= Y.

(
n∑

i=1
X[n]\I .F (Xi) − X[n]\I .F

(
X[n]

))
(⋆)= Y.

(∑
i∈I

X[n]\I .F (Xi) − X[n]\I .F (XI)
)

=
(
Y X[n]\I

)
.

(∑
i∈I

F (Xi) − F (XI)
)

=
(
Y X[n]\I

)
.TCF

( ;
i∈I

Xi

)
.
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Step (⋆) can easily be seen using Hu’s Theorem 2.8. That was to show.
Finally, assume 3. For proving 1, we can alternatively prove the equivalent property 3 of

Theorem 4.15. We note that for all ∅ ̸= I ⊆ [n], Proposition B.1 implies:(
|I| − 1

)
·
(
Y X[n]\I

)
.F
( ;

i∈I
Xi

)
=
(
Y X[n]\I

)
.
((

|I| − 1
)

· F
( ;

i∈I
Xi

))
=
(
Y X[n]\I

)
.

( ∑
∅̸=L⊆I

(−1)|I|−|L| · XI\L.TCF

( ;
l∈L

Xl

))
=

∑
∅̸=L⊆I

(−1)|I|−|L| ·
(
Y X[n]\L

)
.TCF

( ;
l∈L

Xl

)
= 0.

If |I| = 1 then the factor |I| − 1 vanishes and what we showed is vacuous. If |I| ≥ 2, then what we
showed implies (

Y X[n]\I

)
.F
( ;

i∈I
Xi

)
= 0

since G is torsion-free, and we are done.

We now show in an example that we cannot omit the assumption that G is torsion-free in the
preceding theorem. More precisely, if G is not torsion-free, then property 2 does not necessarily
imply property 1 anymore.

Example B.5. Let M =
(
Z/2Z, ·

)
, where Z/2Z = {0, 1}. This is a commutative, idempotent

monoid with the following multiplication rules:

1 · 1 = 1; 1 · 0 = 0; 0 · 1 = 0; 0 · 0 = 0.

Furthermore, define G :=
(
Z/2Z, +

)
, which is an abelian group with the following addition rules:

0 + 0 = 0; 0 + 1 = 1; 1 + 0 = 1; 1 + 1 = 0.

The last rule implies that G has torsion. We define the action of M on G by X.g := X · g for all
X ∈ M and g ∈ G. That is, the action is simply the usual multiplication in the ring

(
Z/2Z, +, ·

)
and therefore clearly an additive monoid action. Finally, define

F : M → G, F (X) := 1 − X.

We have

F (XY ) = 1 − XY = 1 − X + X − XY = 1 − X + X · (1 − Y ) = F (X) + X.F (Y ),

implying that F satisfies the chain rule. Thus, F satisfies all the properties of Hu’s Theorem 2.8.
Now, set X1 := X2 := X3 := 0 ∈ M . Then we have

TCF (X1; X2; X3) = F (0) + F (0) + F (0) − F (0 · 0 · 0) = 1 + 1 = 0.

However, we have
F (X3; X1X2) = F (0; 0) = F (0) = 1.

This means that the F -independence
(
X1X2

)
⊥⊥F X3 does not hold, implying that X1, X2, X3

are not mutually independent. Thus we cannot omit the assumption of torsion-freeness in the
Theorem.

Note that in light of Proposition A.5, the construction of F can be explained as follows: M is a
bounded monoid with top element 0 ∈ M . Then, G⊤ = G, and so 1 ∈ G is one of the annihilated
elements. We then see: [

Ψ(1)
]
(X) = 1 − X.1 = 1 − X = F (X),

showing that F = Ψ(1). The only other function satisfying the chain rule, Ψ(0), is trivial, and
does therefore not give rise to a counter example.
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C General Consequences of Section 4
In this appendix, we take a look at Yeung et al. [2019] and explain which results generalize to
our setting. As it turns out, all these results generalize without problem with the same proofs, or
otherwise cannot even be formulated in our case since the formulations are based on inequalities,
which does not make sense in the context of general abelian groups.

Fix a commutative, idempotent monoid M acting on an abelian group G and a function F :
M → G satisfying the chain rule. We fix elements X1, . . . , Xn ∈ M , giving rise to F̃ : 2X̃ → G by
Hu’s Theorem 2.8, and a graph G = (V, E) with V = [n].

Smallest Graph Representations

Terminology C.1. If X1, . . . , Xn form an F -Markov random field with respect to G, then we also
say that G is a (graph) representation for X1, . . . , Xn with respect to F .

Definition C.2 (Subgraph). If G′ = (V ′, E ′) is a second graph with V ′ ⊆ V and E ′ ⊆ E, then we
say that G′ is a subgraph of G.

Definition C.3 (Smallest Graph Representation). G′ is said to be the smallest graph representa-
tion for X1, . . . , Xn (with respect to ⊥⊥F ) if G′ is a representation for X1, . . . , Xn and a subgraph
of all other representations for X1, . . . , Xn.

Theorem C.4 (Smallest Graph Representation). Define Ĝ :=
(
[n], Ê

)
with {i, j} ∈ Ê if and only

if
X[n]\{i,j}.F (Xi; Xj) = F̃

(
p{i,j}

)
̸= 0. (43)

If X1, . . . , Xn has a smallest graph representation, then it equals Ĝ.

Proof. This is simply Yeung et al. [2019], Theorem 3, generalized to our setting. Note that the first
equality in Equation (43) is simply Lemma 4.4 and always holds. The original proof can be copied
word for word. Only once, an “inequality sign” needs to be replaced by an “unequal sign”.

Smallest Graphs for Subfields of Markov Random Fields

Definition C.5 (Marginalization of Graph). Let V ′ ⊆ V. Then the Marginalization of G for V ′ is
defined as G∗(V ′) := (V ′, E ′) with {i, j} ∈ E ′ if and only if there is a walk from i to j in G with all
intermediate vertices in V \ V ′.

Notation C.6. Let G′ = (V ′, E ′) be a graph with V ′ ⊆ V = [n]. Then we write G =⇒ G′ if for
all Y1, . . . , Yn that form an F -Markov random field with respect to G, Yi, i ∈ V ′ form an F -Markov
random field with respect to G′. Note that “G =⇒ G′” is not a statement about graphs alone, as it
depends on F : M → G.

Theorem C.7 (Graphs for Subfields). Assume that there is at least one element Z ∈ M with
F (Z) ̸= 0. Let V ′ ⊆ V be a subset. Then G∗(V ′) is the smallest graph G′ such that G =⇒ G′.

Proof. This is precisely Yeung et al. [2019], Theorem 8. The proof is exactly the same, except that
the condition I(Z) > 0 from the original paper is replaced by F (Z) ̸= 0, and the constant random
variable is replaced by 1 ∈ M .

Remark C.8. If we drop the condition that there is Z ∈ M with F (Z) ̸= 0, then the conclusion
is wrong. Indeed, if F is trivial, then all F -independences always hold, meaning that the graph
G′ := (V ′, ∅) with empty edge set would be the smallest graph with G =⇒ G′. The existence of Z
with F (Z) ̸= 0 ensures that we can for all edges in G∗(V ′) construct an F -Markov random field
for G that is faithful to that edge by having a corresponding dependence.
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Rewriting the Values of Atoms in F -Markov Random Fields

Section 5 in Yeung et al. [2019] discusses a characterization for forests of paths. Namely, G = (V, E)
is a forest of paths if and only if for all probability mass functions P and all random variables
X1, . . . , Xn that form a Markov random field with respect to G and P , the corresponding I-
diagram is nonnegative. These results cannot be stated in our generalized setting since F takes
values in an unspecified abelian group G that may not have an associated order relation to begin
with. However, that section still contains an interesting result worth stating in our generalized
setting:

Theorem C.9 (Atoms in Markov Random Fields). Assume that X1, . . . , Xn form an F -Markov
random field with respect to G. Let pI be a connected atom, where I ⊆ [n] has at least two elements.
Define

B :=
{

i ∈ I
∣∣ pI\i is connected

}
.

Then one has
F̃ (pI) = XV\I .F

( ;
i∈IXi

)
= XV\I .F

( ;
i∈BXi

)
.

Proof. Note that the first equality is simply Lemma 4.4. The second equality is Yeung et al. [2019],
Theorem 11. The original proof generalizes word for word to our setting.

Remark C.10. The preceding theorem deals with connected atoms. For disconnected atoms pI ,
Theorem 2.21 shows F̃ (pI) = 0.

Furthermore, note that Theorem C.9 generalizes a special case of Corollary 4.25: that corollary
implies that for an F -Markov chain X1, . . . , Xn and an “interval” I = [i : j] ⊆ [n] for i < j, one
has

X[n]\I .F
( ;

i∈I
Xi

)
= X[n]\I .F (Xi; Xj).

Trees and Drawing F -Diagrams for F -Markov Random Fields

The remaining results in Yeung et al. [2019] are essentially graph theoretic in nature and not
dependent on F . In Theorem 9, they discuss when the marginalization of a graph is a tree.
Finally, in Section 6, they discuss an algorithm for drawing an I-diagram, with two requirements
relating to the graph G: connected atoms are depicted as nonempty and disconnected atoms as
empty. These diagrams are then suitable to express any F -diagram of any F -Markov random field
corresponding to G, as Theorem 2.21 shows. For the case of path-shaped graphs corresponding
to Markov chains, we saw examples of such depictions in Figure 8. The algorithm in Section 6
of Yeung et al. [2019] works for any graph G.

D Slices of I-Diagrams
Our generalizations of the main results from Yeung et al. [2002], Theorems 4.21 and 2.21, work in
the framework of F -independence, where F satisfies the full set of assumptions in Hu’s Theorem 2.8.
In contrast, the original results were formulated for the P -independence with respect to a fixed
probability mass function P , thus engaging only with one “slice” of the I-diagrams, as we explained
in Equation (10). A priori, it may seem unclear whether these original results can actually be
deduced from our supposed generalizations. In this section, we prove that this is indeed possible.

Theorem D.1 (Characterization of P -FCMIs). Let I : M → Meas
(
∆(Ω),R

)
be the Shannon

entropy function. Let X1, . . . , Xn be random variables on Ω and P ∈ ∆(Ω) a probability mass
function, giving rise to ĨP : 2X̃ → R by Equation (10). Let K =

(
J, Li, 1 ≤ i ≤ q

)
be a conditional

partition of [n] with q ≥ 2. Then the following two statements are equivalent:

• K induces a P -FCMI: P : ⊥⊥q
i=1 XLi

| XJ ;

• For all pW ∈ Im(K): ĨP (pW ) = 0.

Compositionality, Volume 8, Issue 1 (2026) 53



Leon Lang, Clélia de Mulatier, Rick Quax, Patrick Forré, Abstract Markov Random Fields

Proof. Let R be the following property on elements P ′ ∈ ∆(Ω):

R(P ′) :⇐⇒ P ′ :
q

⊥⊥
i=1

XLi | XJ .

Then by Proposition 5.5, and using that it is also well-defined and measurable, this is stable prop-
erty. Consequently, we can define the restricted entropy function IR : MR → Meas

(
∆(Ω)R,R

)
,

which satisfies the chain rule according to Proposition 5.11. Now, we claim that the following
conditional mutual independence holds:

IR :
q

⊥⊥
i=1

XLi
| XJ . (44)

By definition, conditional mutual independences are given by a set of pairwise independences, and
these in turn by the vanishing of conditional mutual information. Thus, the claim reduces to the
following: for all i ∈ [q], we have

XJ .IR
(
XLi ; XL\i

)
= 0,

where L\i :=
⋃

k ̸=i Lk. But this is clear since for all P ′ with R(P ′), we have XLi
⊥⊥
P ′

XL\i
| XJ and

thus, as is well known, the vanishing of the corresponding conditional mutual information follows:[
XJ .IR

(
XLi ; XL\i

)](
P ′) =

[
XJ .I

(
XLi ; XL\i

)](
P ′) = 0.

This proves the claim, Equation (44).
Now, assume that the first statement holds, i.e., P : ⊥⊥q

i=1 XLi
| XJ . Then R(P ) holds. From

Equation (44), we obtain by Theorem 4.21 that for all pW ∈ Im(K): ĨR(pW ) = 0. It follows

ĨP (pW ) =
[
Ĩ(pW )

]
(P ) =

[
ĨR(pW )

]
(P ) = 0,

which proves one direction.
For the other direction, assume that ĨP (pW ) = 0 for all pW ∈ Im(K). We want to show

P : ⊥⊥q
i=1 XLi

| XJ . As is well-known, this amounts to showing the following for all i ∈ [q]:[
XJ .I

(
XLi

; XL\i

)]
(P ) = 0.

By Hu’s Theorem 2.8, we thus need to show ĨP
(
X̃Li

∩ X̃L\i
\ X̃J

)
= 0. But note that, clearly, we

have X̃Li ∩ X̃L\i
\ X̃J ⊆ Im(K). Thus, the claim follows from the assumption that ĨP (pW ) = 0

for all pW ∈ Im(K), together with the fact that ĨP is a signed measure and therefore additive over
disjoint unions.

Now we prove Yeung’s main result, Theorem 2.15, from Yeung et al. [2002]:

Proof of Theorem 2.15. Let the property R be given by R := MRF
(
G; X1, . . . , Xn

)
, see the dis-

cussion after Equation (39). Note that in our application of that definition, we have r = 0. Now,
assume the first statement, i.e., R(P ) holds. We also know from Theorem 5.12 that X1, . . . , Xn

form an IR-Markov random field with respect to G. Then Theorem 2.21 implies that ĨR(pW) = 0
for all disconnected atoms pW . For these atoms, we then obtain

ĨP (pW) =
[
Ĩ(pW)

]
(P ) =

[
ĨR(pW)

]
(P ) = 0,

which proves one direction.
For the other direction, assume that ĨP (pW) = 0 for all disconnected atoms pW . By Proposi-

tion 3.5, we need to show that X1, . . . , Xn satisfies the cutset property with respect to G and ⊥⊥P .
Thus, let U be a cutset of G and K :=

(
U , Vi(U), 1 ≤ i ≤ s (U)

)
the corresponding conditional

partition. We need to show P : ⊥⊥s(U)
i=1 XVi(U) | XU . By Theorem D.1, we need to show that

ĨP (pW) = 0 for all atoms pW ∈ Im(K). All such pW are disconnected by Lemma 4.23, and so the
result follows from the assumption.
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