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We construct a category equivalent to the category Mon of monoids and monoid ho-
momorphisms, based on the Schiitzenberger category of semigroups and categories with
strict factorization systems. This equivalence is then extended to the category Mong
of unital semigroups and semigroup homomorphisms. By introducing suitable natural
transformations, we turn these equivalences into 2-equivalences between 2-categories.
The 2-category Mongz) constructed this way proves the good one to study Morita
equivalence of monoids.

Introduction

It is standard to consider a monoid M as a one-object category (its ‘delooping’ BM), where
elements of the monoid become morphisms of the category. Or, even better, as a pointed and
connected small category (where there is exactly one isomorphism class of objects). This view-
point, in particular, leads to an equivalence between the (2-)category Mon of monoids and
ConnectedCat*, the (2-)category of pointed and connected small categories (see notably the
lecture by Baez and Shulman on the subject [1, Section 5.6]).

In this article, we take the opposite point of view and associate to any monoid a kind of ‘loop
space’, which is a small category whose objects are the elements of the monoid, described in Section
1.2. This construction is due to Costa and Steinberg [3] in the semigroup case, but is actually a
special case of a more general categorical construction when one considers monoids. This category,
called the Schiitzenberger category of the monoid, happens to be equipped canonically with a strict
factorization system with additional properties. Such systems are investigated in Section 1.1. This
crucial property allows us to construct a category equivalent to the category Mon of monoids
and monoid homomorphisms in Section 2. This equivalence is then extended to the category
Mong of unital semigroups and semigroup homomorphismsl. By introducing suitable natural
transformations, we finally extend these equivalences to 2-equivalences between 2-categories. It

turns out that the 2-category Mongz) constructed this way has the following fundamental property:
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!There is a subtle distinction between monoids and unital semigroups. Monoids are (universal) algebras of type
(2,1), meaning they are defined by one binary operation (the associative product) and one constant element (the
identity). Morphisms between monoids must preserve both the binary operation and the identity. On the other
hand, unital semigroups are algebras of type (2) (defined by one binary operation), with the extra property that
there exists a two-sided identity. Morphisms between unital semigroups need not preserve this identity.
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adjoint equivalence in this 2-category corresponds precisely to Morita equivalence of monoids. This
is the content of Section 3.

1 Small categories - Constructions

We assume basic knowledge of category theory. If C is a small category, we denote by Cy its set of
objects and by C; its set of arrows. For any two objects a,b € C, we let C(a,b) be the set of arrows
with source a and target b. In this article, composition of arrows will be denoted by juxtaposition:

1.1 Strict Factorization Systems

The following definition and results regarding strict factorization systems are taken from Grandis
[4]. Let C be a small category. A strict factorization system (SFS) on C is a pair (£, M) of
wide subcategories (same class of objects) of C such that any morphism f € C; admits a unique
decomposition f = em with e € & and m € M. In the following, by a category with a strict
factorization system (CatSFS) we will mean a triple (C,&, M) where (£, M) is a SFS on C.

For any SFS (&, M) it holds that [4]:

(1) & N M, =Cy the set of identities;

(2) & and M; are orthogonal in C (any morphism e € &£; has the left lifting property with respect
to any m € My);

(3) there is a unique orthogonal factorization system (OFS) (E,M) spanned by (£, M), where
morphisms of E (resp. M) are of the form ei (resp. im), with ¢ an iso and e € & (resp.
m € M).

Maps in £ will be depicted by — and maps in M will be depicted by »—. Duality for SFS takes
a simple form: (€, M) is a SFS for C iff (M",£°") is a SFS for C?.

The SFS (£, M) is epi-monic (or proper) if all £—maps are epi (in C) and all M-maps are
monics (in C).

Ezample 1.1. Let X be a set, and P(X ) its power set. Let P(X), be the set of functions between
subsets of X. Then any function f + A — B (A,B & X) can be uniquely factored into a surjection

e followed by an inclusion m.

Im(f)

The pair (€ = {surjections}, M = {inclusions}) (from X to X ) is a strict factorization system

on P(X).

Example 1.2. Let N be the set of natural numbers. Define a category C with objects Cy = N. For
any a,b € N, let C(a,b) = {x € N|z < a and x < b}. We denote each such arrow x € C(a,b) by

a —b. Composition is given by
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Let £ be the wide subcategory of C with £(a,b) = {b} if b < a and £(a,b) = @ otherwise, and M be
the wide subcategory of C with M(a,b) = {a} if a < b and M(a,b) = @ otherwise. Then (C,E, M)
is a CatSFS. The unique factorization of a b is

a b
Example 1.3. Let N be the set of natural numbers. Define a category C with objects Cy = N. For
any a,b € N, let C(a,b) = {x € N|a < 2 and b < 2}. We denote each such arrow x € C(a,b) by

a—b. Composition is given by

Let € be the wide subcategory of C with £(a,b) = {b} if a < b and E(a,b) = @ otherwise, and M be
the wide subcategory of C with M(a,b) = {a} if b < a and M(a,b) = @ otherwise. Then (C,E, M)
1s a CatSFS. The unique factorization of a s bis

(the diagram is commutative since x — v + x = x).

We now make some definitions. Let (C,&, M) be a CatSFS.

(1) The SFS (€, M) is thin if £ and M are thin categories (there is at most one map between any
two objects)z. It is easy to prove that such thin SF'Ss are epi-monic;

(2) The SFS (£, M) is unital at ¢ € Cy if ¢ is both a strict initial point of £ and a strict terminal
point of M (that is, for any a € Cy, there exist strictly unique’ maps ¢—a and a>— (). This
implies that C is connected (no Hom-Set of C is empty);

(3) The SFS is complete if for any e : a—b € & and m : a—c € M, there exists d € C; and
e :c—de &1, m' :b—d € My, such that em' = me’, and dually for any e :c—de &
and m' : b—d € M there exists a € Cy and e ta—be &L, m :a—c€ My, such that
em' = me'. Pictorially, we have

If the SFS is complete and unital at ¢ then it has the following two properties:

2Thin categories are also called preorders.

3and not just ’unique up to an isomorphism’, as it is customary in category theory
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(1) for any e : a—»x € & there exists (a necessarily unique) m' ¢ z—u such that

N

(2) Dually for any m': b € M there exists (a necessarily unique) e : v—» 2 € & such that

T /
These two properties are in fact equivalent to completeness, as explained in the following diagram
(the second case is dual):

Observe also that, in this case (where the SFS is unital), the completion is unique.

By a CatSFS; (resp. CatSFS., C’atSFSZt) we mean a small category (C,¢) with unital and

thin (resp. unital and complete, resp. unital, complete and thin) factorization system (£, M) and
unit ¢.

To better grasp the notions, let us consider the previous examples.

Example 1.4. We consider the setting of Example 1.1, with CatSFS

(P(X),& = {surjections}, M = {inclusions}).

o M is a thin category, but € is not thin unless $(X) <1 (X is empty or a singleton,).
e The object X is strictly terminal in M, but not strictly initial in €& unless X = @.

o The SFS is always complete. Indeed, let first be e : A—»B € & and m: A—C € My (e is
a surjection from A onto B and A is a subset of C). If A is the empty set, then B is also
the empty set, and we may take D = C' and C — D the identity function. Otherwise, we let
D = B, and define a surjection e:C—B as follows: for anya € A € C, e'(a) =e(a), and

/1|; Compositionality, Volume 8, Issue 4 (2025) 4
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y g gory J g g y

forc e C\A, e(c) = e(ag), where aq is any chosen element of A. Then the following diagram
commute

B

AN
N A

1 .
m=idg

Second, let e : C—D € & and m : B—~D € M. Pose A = e_l(B) and define e as the
restriction of e from A onto B. It holds that A € C, so that

AN
N A

Ezample 1.5. We consider the CatSFS of Example 1.2: Co = N, C(a,b) = {x € N|z < a and z < b}
and composition is defined by

x Yy TAyYy
a” b7 Te=a e

The category £ satisfies that £(a,b)
M(a,b) ={a} ifa < b and M(a,b) =

{b} if b < a and E(a,b) = @ otherwise, and M satisfies that
@ otherwise.

e As N has no top element, we have that the SES is not unital.
o The SFS is thin by definition of £ and M.

e It is also complete, as proved by the following commutative diagrams:

ﬂ; Compositionality, Volume 8, Issue 4 (2025) 5
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bAd=b
b=sd=sc c
b’ d
by / :
bAb=b

Ezxample 1.6. We consider the CatSFS of Example 1.5: Co = N, C(a,b) = {xr € Nla <=z and b < z}
and composition is defined by

z y z—b+y
e o

a cC = a C

The category € satisfies that (a,b) = {b} if a < b and £(a,b) = @ otherwise, and M satisfies that
M(a,b) = {a} if b < a and M(a,b) = @ otherwise.

e As N has a bottom element 0, the SFS is unital at = 0.

e The SFS is thin by definition of £ and M.

o It is also complete. To prove this, we use the characterization of completeness for unital SES.
Leta—»x €& (a<xz) Weletu=1x—a (observe that u =x —a € N since a < x, and that
r—as<x sincea=0). Then

The other case is dual.

1.2 Small categories associated to semigroups and monoids

In the sequel, S = (.Sp,.) will denote a semigroup (with Sj its underlying set of elements), and
M = (My,.,1) will denote a monoid. By contrast, (My,.) will be a unital semigroup. In order
to study semigroups, various authors have introduced small categories associated to a semigroup
S in a canonical way. We consider here the Schiitzenberger category D(S) of S first defined in
Costa and Steinberg [3]. Objects of D(S) are elements of Sy and morphisms are triples of the
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form f = (a,z,b) with = € aS' n S*b (where S' denotes the unital semigroup generated by S).
The domain of f is a, its codomain is b and we use the notation f = a b If 2z = av = ub

for some u,v € St and g=>» Lcisa morphism with y = bw = rc, then the concatenation is
fg=a b L e=a 55 ¢ In terms of Green’s preorders (see [5, 6], and [3, 9] for the link
with the Schiitzenberger category): a — b is a morphism in the category D(S) if and only if
x=<yband z = a.

For a monoid, this construction actually amounts to a certain completion of categories. Let
M = (My,.,1) be a monoid and BM be its ‘delooping’ (one-object category with elements of M
as morphisms, and product as composition). Let also (BM )~ be its category of arrows, and define
a relation p on (BM)7 by (u,v)p(u',v"), with (u,v) : @ = b and (v',v') : @ = b, if av = av' and
ub = u'b. Then the category D(M) = (BM)~/p is the Freyd completion, or epi-monic completion,
of the category BM [4]. Tt is called the pre-regular completion in [7].

ARROWS IN D(M):

LA

a
b = Tw=uy
C

o

Figure 1.1: D(M) and composition

It turns out that the category D(M) has a strict factorization system, that enjoys many prop-
erties:

x
STRICT FACTORIZATION OF f :a — b IN D(M):

@Q<—-0<—0

4%,

Figure 1.2: Strict factorization in D(M)

Maps of £ are of the form a—>x (with x = av for some v € M) and maps of M are of the
form z>>b (with 2 = ub for some u € M). By definition of the canonical maps, the categories £
and M are thin. The SFS is also unital at ¢ = 1 (1-%z exists and is unique for all € M, and
dually), and complete. Completeness actually amounts to the commutation property of <z and
<., well-known to semigroup theorists: if a <¢ ¢ <, b for some ¢ € My, then a = cx and ¢ = yb
for some x,y € My, so that a = ybx and a <, bz < b (and dually).

Example 1.7. Consider the monoid (N,+,0). Then the category D(S) and its SFS are those
defined in Example 1.5.

4Our definition is actually opposite to that of [3]

/ﬂ; Compositionality, Volume 8, Issue 4 (2025) 7



Mary A Categorical Realization of the (2-)Category of Monoids via Sch{\"u}tzenberger Categories and Strict Factorization Systems

1.3 Monoids from unital SFS

Let A = (C,E, M,() be a category with a unital, strict factorization system. Let X = Cy and
define a binary operation * on X as follows. For any (a,b) € X 2, a * b is the central object in the
(unique) factorization of the (unique) map a— ¢ —»b.

Proposition 1.8. The binary operation * is associative, and (X, *, () is a monoid. Triple products
a * b *x c are the central objects in the factorization of a— (—»b—(—»c.

Proof. Let a,b,c € X. Then
a ¢ b ¢ c
a */ b *c/
where the central element in the middle factorization is o = (a * b) * ¢ = a * (b * ).

As (—(—»b = (—»b—b then ( is a left identity. Dually it is a right identity and (X, *,() is a
monoid. O

The monoid (X, *, () is actually isomorphic to C;(¢,¢) (with composition).
Corollary 1.9.
(C()v *, C) = (Cl(Cv C)v ) .

Proof. We define an isomorphism as follows. Consider the function that sends z € Cy to ( —z— (.
It is bijective, and sends ¢ to id.. Thus, we only have to prove that it is preserves the product (in
which case its reciprocal will also preserve the product). Let x,y € X. Then

¢ x ¢ Yy ¢

This ends the proof. O

We will use the notation (X, *,¢) = X(A). For any monoid M = (Mj,.,1), the following
equality holds:
S o D(M) = M.

Indeed, we have that

=a.1,b=1b a.b b b
a51""b=a — b=a3a.b"3,

so that a x b = a.b, for any a,b € M.

2 Some equivalences

2.1 Categories and Functors
We consider the following categories:

(1) Mon is the large category of monoids and monoid homomorphisms;

/ﬂ; Compositionality, Volume 8, Issue 4 (2025) 8
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(2) Mon, is the large category of unital semigroups and semigroup homomorphisms;

(3) CatSFS:t is the large category of small categories with a strict factorization system, such that
the factorization system is unital, complete, and thin. Moreover we consider the small cate-
gories pointed at their units. An object of CatSFS;  is thus a quadruple 4 = (C, €, M, (),

where C is a small pointed category (at ¢) with a SFS (&£, M) unital at ¢. If A and A' are two
objects of this category, then a morphism H : A — A' is a pointed functor H : C — C' that
preserves the SFS (H(E) c &', H(M) € M' and H(¢) = ¢');

(4) By contrast CatSFS, s is the previous category but not pointed. The difference lies in

the functors: if A and A' are two objects of this category, then a morphism H : 4 — A' is a
functor H : C = C' that preserves the SFS (H(&) € £ and H(M) € M') and such that

H(¢)—¢' = H(C) = Idy )

(equiv. ¢' —» H(¢)— (' is idempotent, equiv. H(¢)* H(¢) = H(C)). We call them semi-pointed
functors.

The assignment DD : M +— D(M) extends to a functor on these categories in the obvious
way: D : Mon — CatSFS:t maps the monoid homomorphism h : M — M' to the functor

H =D(h) : D(M) - D(M') with H(a = b) = H(a)%)H(b). In particular if x = au for some
u € X, then H (a->x) = H(a) i) H(z) with H(x) = H(a)H (u).
Similarly, the assignment ¥ : A — %(A) extends to a functor ¥ : CatSFS;; — Mon, that

maps H : A — A' to its underlying function from X = Cy to X'= Co- As H preserves the SFS and
the units, it is a monoid homomorphism. Just apply H to the commutative diagram

N

1

to obtain
H(a)——— H(¢)=¢

T~

H(a*b) = H(a) *' H(b)

— — H()

As functors, we have the equality 3 o D = Idnon-

2.2 Equivalences of categories

We now prove that Mon is equivalent to CatSFS:,t.

Theorem 2.1. D 4 3: Mon — CatSFS:t is an adjoint equivalence.

Proof. The unit n = {ny; = idy;, M € Mon} is the identity from Idyon to X 0D = Idpon. Its
components are all isomorphisms.

The counit ¢ is defined for any A = (C,&, M, () as follows: 4 : Do 3X(A) — A is the identity on
object functor that sends any morphism a->»x~>b to a—x—b in C;. As £ and M are thin,
these two maps a— = and x>— b are unique if they exist. That these maps exist comes from the
definition of the product * and the construction of D(M). As a-=»x then 2 = a * v for some
v € X = Cp, hence a—=(—v = a—a * v>—v = a—»zr>—v. By dual arguments, x>—b exists.
One checks directly that it is a natural transformation, and that the triangle identities are trivially

/ﬂ; Compositionality, Volume 8, Issue 4 (2025) 9
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satisfied.

We finally prove that €4 is an isomorphism by constructing its inverse. It is the morphism 521 :
A — D o X(A) defined by the identity on object functor that sends a —» z>—b to a —»z ~—~b. That
a - x exists follows precisely from the definition of the completeness: as a— x then a— ¢ —»v =
a—» 2z —wv for some v € Cy, and = = a * v. And dually for x> b. O

Similarly we prove that Mong is equivalent to CatSFS, c¢s. First, we observe that D :
Mong — CatSFS,, s, that maps the semigroup homomorphism A : M — M ' to the functor
H =D(h) : D(M) - D(M'") is still well defined.

Second, we can define a functor ¥ : CatSFS, .¢s — Mong, that maps the semi-pointed
functor H : A —» A’ to its underlying function from X = Cy to X' = Cé. If we apply H to the

commutative diagram
a \ ¢ b
H(¢) —= H(b)

H(a*b)

we obtain

H(a)

But as H(() >—>C'ﬁ*>H(C) = Idg(¢), this can be rewritten in the form

1

H(b)

H(a) ¢

.

H(a*b)

so that h(a*b) = h(a) *'h(b) (h is a semigroup homomorphism). As functors, we have the equality
3 oD = Idmon, -

Theorem 2.2. D - X: Mong — CatSFS,, ;s 95 an adjoint equivalence.

Proof. The proof is similar to that of Theorem 2.1. O

3 Natural transformations, 2-categories and Morita equivalence

3.1 Natural transformations and conjugations
Consider two morphisms F,G : A — A' in the category CatSFSZVt (A= (CE M) and

A= (C', g M ¢ ')) As pointed functors, we can consider pointed natural transformations between
them. A pointed natural transformation o : F' = G between pointed functors must satisfy:

/ﬂ; Compositionality, Volume 8, Issue 4 (2025) 10
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! 1

1 Fisc) ai) Gi)
B

This implies that F(x) = a(z) = G(z) for all z € Cy, and since F and G are entirely defined by
their action on the objects, F' = G, and « is the identity.

Corollary 3.1. The 2-category of monoids, monoid homomorphisms and trivial 2-cells is equiva-
lent to the 2-category of small categories with unital, thin and complete SFS, pointed functors that
respect the SES as morphisms, and pointed natural transformations as 2-cells.

As semi-pointed functors, however, the natural transformations will not degenerate. A natural

transformation « : FF = G amounts to a function « : Cy — C; such that the following diagram
commutes:

F(a ala) G(a)

L

)
F(x) a(x) G(x)
)

SR =<—2090

F(b) a(b

G(b)

In particular, this function « defines a (non-pointed) functor that respects the SFS.

We let a = o¢) € Cé). Let a = b = ¢ in this diagram. We obtain

¢ F(¢) a G(¢)
| N

T F(z) OT) G(z)
¢ F(¢) a G(<)

Since the functors F' and G are semi-pointed, this reads (with the notation *)
(Vz € Cy) afx) = F(z) *a=ax G(=).

This expresses « as an ‘intertwiner’ between F' and G. In particular (for z = ¢) it holds that
a=F() * o =a*'G(C).

Conversely, given an element o € C(') such that (Vz € Cy) F(z) *' a = a *' G(z), we can define
a(x) = F(x) * o= ax G(z) for all = € Cy. As the SFS of A'is thin and complete, all the maps

/1|; Compositionality, Volume 8, Issue 4 (2025) 11
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involved in the diagram defining the natural transformation exist and commute. We consider such

(2)

u,c,t,s»

elements as the natural 2-cells of a (strict) 2-category CatSFS
as 1-cells.

with semi-pointed functors

Using the equivalence between CatSFS,, ;s and Mong, we can thus define natural transfor-
mations between semigroup homomorphisms. These natural transformations play a special role in
the study of Morita equivalence of monoids, and have been called by M. Rogers conjugations (but
his definition is opposite to ours).

Definition 3.2 (opposite to [10, Definition 6.2]). Let f,g : M — M' be semigroup homomorphisms.
A conjugation a from f to g, denoted o : f = g is an element o € M' such that f(1)a = a = ag(1)
and for every m € M, f(m)a = ag(m).

By construction, the functors D and X extend to 2-functors on the respective 2-categories,
where the image of the conjugation a : f = g is the natural transformation o : F' — G defined by
a(.) = F(.)a = aG(.), and conversely to a : F' — G we associate the conjugation o = a(1).

Corollary 3.3. The 2-functors D and X define a strict 2-equivalence between the 2-categories
(2)

Mongz), with conjugations as 2-cells, and CatSFS,, ¢ ¢ s, with natural transformations as 2-cells.

3.2 Morita equivalence of monoids

By [10, Corollary 6.6], these 2-cells provides exactly the good notion of Morita equivalence between
monoids (in the sense of [2, 8, 11]). However, the triangle identities are not considered, and the
proof uses topos theory. We will prove it directly below.

First, we recall the following well known characterization of Morita equivalence by enlargements,
due independently to Knauer [8, Theorem] and Banachewski [2, Proposition 4]. Let M, M ' be
monoids. Then M and M' are Morita equivalent if and only if there is an idempotent e € M such
that M = MeM and M' = eMe.

To interpret this result in terms of adjoints in our 2-category, we need the following lemma,
that describes adjunctions in terms of conjugations.

Lemma 3.4. Let f : M — M',g : M' = M be a pair of semigroup morphisms. Let also
n:ldy = go fande: fog = Idyy be two conjugations. The triangle identities are satisfied
(equiv. D(f) and D(g) are adjoint functors, equiv. f and g are adjoint in the 2-category Mong))
if and only if:

(1) f(1) = f(n)e;
(2) g(1") = ng(e).

Proof. The triangle identities are satisfied if and only if for all m € M, f(m) is the central
element in the factorization of f(n(m))— f(g(f(m)))—<(f(m)). Since n : idy; = (g o f)
is a conjugation, it satisfies n(m) = mn = ng(f(m)) for all m € M, and dually £(f(m)) =
f(g(f(m)))e = em. Thus the central element in the factorization is f(n)f(g(f(m)))e = f(m)f(n)e
and the first identity reduces to: for all m € M, f(m) = f(m)f(n)e. Dually, the second identity
reads for all m' € M', g(m') = ng(a)g(m’). But f and g are semigroup homomorphisms, so that
this is equivalent to f(1) = f(n)e and g(l') =ng(e). O

We also need to characterize invertible conjugations.

Lemma 3.5. Let f,g: M — M' be two homomorphisms, and o : f = g be a conjugation. Then
is invertible if and only if there exists 3 € M' such that o8 = f(1) and Ba = g(1). In this case,
the inverse of a: f = g is the conjugation v : g = f defined by the element v = faf.
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(Contrary to [10], we do not assume a priori that § is a conjugation).

Proof. Consider F,G : D(M) — D(M'). Then a : F = G is invertible if and only if there exists
a conjugation 3 such that their composite is the identity transformation. By composition, this
implies that for all z € M f(z) = ag(z)B = f(z)aB and in particular f(1) = f(1)aB. But
f(1)a = o and we conclude that f(1) = af. The second identity is dual.

Conversely, suppose that there exists an element [ satisfying these identities. We prove that
v = Baf is a conjugation from g — f. Let m € M. Then

g(m)B g(L.m)p
(1)g(m)s
= Pag(m)s
= Bf(m)ap (since a : f — g is a conjugation)
Bf(m)f(1)
= 5f(m 1)
= Bf(m)

Thus g(m)y = g(m)BaB = Bg(m)g(1) = Bg(1)g(m) = yg(m). As also g(1)y = v = 7f(1),
we deduce that vis a conjugatlon from g to f. Finally, we have that ay = aBaf = f(1)af =

af = f(1), and dually ya = g(1). We deduce that the associated natural transformations are
reciprocal. O

Observe that, under the assumptions of Lemma 3.5, § is an inner inverse of « in the monoid M g
In particular, a8, Sa are idempotents and the inverse conjugation v = Baf is a reflexive inverse
of a. Also, we see that in order to be related by an invertible conjugation, two homomorphisms
must necessarily satisfy that f(1) and g(1) are isomorphic idempotents (where two idempotents
e, f in a monoid M are isomorphic if there exists x,y € M' such that e = zy and f = yz, equiv.
eM' = M "as right M '—acts, equiv. eDf where D denotes Green’s equivalence relation).

Ezample 3.6. Let S(2) be the symmetric group on {1,2} and T'(4) be the transformation semi-
group on {1,2,3,4}. Let f : S(2) —» T(4) than sends (a b) to (a b3 4), and g : S(2) — (T(3) than
sends (a b) to (a b3 3). f and g are semigroup homomorphisms. Consider a = (123 3). We
claim that o f = g is a conjugation. Since S(2) contains only two elements, we check directly
the identity f(m)a = ag(m) on each element m = (12) and m = (21).

f(12)a = (1234)(1233)=(1233)=(1233)(1233)=ag(12)
f(21)a = (2134)(1233)=(2133)=(1233)(2133)=ag(21)

The conjugation o cannot be invertible because f(1 2) = (1 2 3 4) and g(1 2) = (12 3 3), and
these transformations are not isomorphic idempotents (and thus a8 = f(12) and Ba = g(1 2) is
not solvable).

If we consider the third homomorphism h : S(2) — T(4) than sends (a b) to (a b 4 4), then we
see that o * h — g defined by the element o = (1 2 3 3) 4s an invertible conjugation, with inverse
B g — h defined by the element B = (124 4).

We are finally in position to consider Morita equivalence. Let M be a monoid, e € E(M)
be an idempotent such that MeM = M, and M' = eMe. Without loss of generality, we can
assume that M' = eMe. Let x,y € M be such that zey = 1, and put n = xe, 8 = ey. Define
f:M — eMeby f(m) = eymae for all m € M, and g : M' =eMe - M by g(m') =m. fand g
are semigroup homomorphisms. It holds that go f : M — M, m + eymze and fog: eMe — eMe,
m - eym'me. n: Idy — go f is a conjugation since n = n(go f)(1) (ze = zee) and for all m € M,
mn =n(go f)(m) (mxe = ze(eymae)). Dually B : go f — Idy; is a conjugation, and the reciprocal
of 7. Similarly, let e = Se = eye. Then € : f o g — Idyy is a conjugation since (f o ¢)(1')e = ¢
((eyexe)eye = eye) and for all m € M, (fog)(m')e = em' ((eym'ze)eye = eym'e = eym'). Tt is also
invertible with inverse en. Finally, we consider the triangle identities. We have that f(1) = eyxe
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and f(n)e = (eyxexe)(eye) = eywe, so that f(1) = f(n)e. Dually g(e) = e = (we)(eye) = ng(e).
This proves that M and M' = eMe are equivalent in the 2-category Mongz).

Conversely, suppose that M and M "are equivalent in the 2-category. Then there exist two
semigroup homomorphisms f : M — M "and g:M "M , and two invertible conjugations n € M
and € € M', such that n =ng(f(1)) and for all m € M, mn = ng(f(m)), and f(g(l'))s = ¢ and for
all m' € M', f(g(m'))e = em'. The triangle identities read f(1) = f(n)e and g(l') = ng(e). Put
e = g(1') (so that ng(¢) = ¢€). Let 3 be the inverse of 7. Then 8 =1 and 8y = (go f)(1). Let also
1 be the inverse if e. Then ep = (fog)(1') = f(e) and e = 1'. Moreover, as it is classical for units
and counits of adjoint equivalences, their reciprocal are respectively counits and units of the adjoint
equivalence in reverse order, so that e = g(1') = g(u)B and f(1) = uf(3). The element e = g(1')
is an idempotent of M, unit of the monoid eMe, and g(M') € eMe. Indeed, let m' € M'. Then
g(m') = g(l’m'l') = eg(m')e. For its reciprocal, define h : eMe — M' by h(m) = pf(m)e, and let
m' € M'. Then h(g(m')) = uf(g(m'))e = pem' = m' (since e : f o g — Idyy is a conjugation). Let
now m € eMe. Then

g(h(m)) = g(u)g(f(m))g(e) = g(p)g(f(m))g(f(1))g(e)

and using that 81 = (g o f)(1) we obtain

g(h(m)) = g(u)g(f(m))Bng(e) = g(u)g(f(m))Be = g(p)Bme = eme.

This proves that M' = eMe. Our final task is to prove that MeM = M. But 1 = nB and
I I
n=n9(f(1)) =ng(1f(1)) = ng(1)g(f(1)), so that 1 = neg(f(1))B.

We have proved:

Theorem 3.7. Two monoids M and M' are Morita equivalent if and only if there exists an adjoint

equivalence f : M — M': g in the 2-category Mongz),
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